CHUYEN PE SO HQC VOI HANG PANG THUC a"-b" BD-HSG TOAN 9
SO HOC VOl HANG PANG THUTC a"-b"
I. Kién thirc co ban
Voi neN* abeR tacod

a"-b"=(a-b)@" " +a"*b+---+ab"*+b"") *)
Véi a,beZ,a#b tacé a"-b":(a—h)
Véi n chan, a=-b taco: a"-b"=a"—(-b)":(a+b)
Voinlé, az-btacé: a"+b"=a"-(-b)":(a+b)
Ta dung (*) dé giai mot s6 bai toan sé hoc rat nhanh chéng.

I1. Mgt s bai toan minh hea
Dang toan thwong gap:

Chitng minh chia hét

Tim s6 dw

S6 chinh phuwong

Bai toan lién quan sé nguyén té

Chitng minh dang thic
Cau 1. Chirng minh rang véi moi s6 nguyén duong n thi 5" (5" +1) —6" (3" +2") chia hét cho 91.
Loi giai,
Taco 5"(5"+1)-6"(3"+2")=(25"-18") (12" -5").
Vi (25" -18")i(25-18) va (12" -5"):(12-5) nén 5"(5"+1)—-6"(3"+2") chia hét cho 7.
Lai c6 5"(5" +1)-6"(3"+2") =(25"—12") (18"~ 5") chia hét cho 13.
Ma (7,13) =1 nén 5" (5" +1)-6"(3"+2"): 91.

Cau 2. Chiring minh rang véi moi s6 nguyén dwong chan n thi 20" +16" —3" -1 chia hét cho 323.
L oi giai.
biat A=20"+16"-3"-1=20"-1+16"-3"
Tacd 20" —1=(20-1)(20"*+20"2+---+1) chia hét cho 19 v&i moin .
Van channén 16" —3": (16+3). Do d6 A:19.
Mt khac A=20" —3" +16" —1
Taco 20" —3": (20—3)
16" —1:(16+1) vi n chan. Do d6 Al7.
Ma (17,19) =1 nén A:17.19 =323.

Cau 3. Chang minh rang véi moi sé nguyén dwong n Ié thi B=118"-101"-16" -1 chia hét cho 3978.
Lo gidi.

Taco
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B=(118"-1)— (101" +16")
117 :101+16
Suyra B:117=9.13
M3t khéac
B =(118"-16")— (101" +1)
: 118-16 :101+1
Suy ra B:102=6.17.
Ma (9,13,6,17) =1 nén B:2.9.13.17 =3978

CAu 4. Cho s6 nguyén duong n>2.DPat m=2"-1. Chiing minh rang néu 2" —2:n thi 2" —2:m.
Lo gidi.

n

Néu 2" —2:n thi la s6 nguyén duong.

Taco 2"-2=2(2""-1)= 2(22”-2 —1) - 2[2”'2ﬂn2 —1] - 2{(2)22 —1] 2"-1, (dpem)

Cau 5. Tim s6 du khi chia A=3""+3"+1 cho 13 (neN).
Loi giai.
bat n=3k+r (r=0,1,2; ke N).
Taco A=3"+3"+1=9%"43%"11=09"(9* -1)+3"(3* -1)+9" +3" +1.
Vi (9% -1):(9*-1):13 ; (3* -1):(3°-1) :13. Do dd ta can xét 9" +3" +1 :13
* r=0=9"+3+1=3, do do A:13 du 3.
* r=1=9"+3"+1=13, do do A:13.
* r=2=9"+3"+1=91, do d6 A:13.
Tém lai:  ni3thi A=3"+3"+1:13
n:3 thi A=3""+3"+1:13 du 3.

Cau 6.Cho A=(10"+10""+---+10+1)(10"* +5)+1 , vdi ne N. Ching minh rang A 1a sé chinh
phuong nhung khéng 13 1ap phuong ctia mot s tu nhién.
Lo giai.

Taco 10™ —1=(10-1)(10" +10"* +---+10+1) nén 10" +10”-1+--.+10+1:%(10““—1)

N+ 2
Do d6 Azé(lor‘” _1)(10n+1 +5)+l:%(102n+2 +4.10™ +4) :(10 ;+2]

Vi 10™* +2:3 (tong céac chir s6 chia hét cho 3) nén A 14 sb chinh phuong.
Lai c6 10" +2=2(5.10"+1) las6 chin va 5.10" +1:3 nén 10" +2 6.

10" +2 10" +2

1a s6 chin nén Az[ 3

2 n+l 2
J 14 Lai c6 5.10" +112 56 I& nén A:(lo +2J I8
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Vay A khéng phai la 1ap phuong ctia mot so tu nhién.

Cau 7. Chirng minh rang véi moi s6 nguyén té p , khong ton tai hai s6 nguyén duong X,y sao cho

2P +3° = X"
Lo giai.
* \V/gi p=2 thi 2°+3° =13 khéng viét duoc dudi dang x’™ véi X,y nguyén duong.
* Xét p=3,do p lasdnguyéntd e nén 2P +3° = (2+3)(2P ™ —2P %3 +... - 21372 4 371
Suyra x'":5=x:5 .
Vi y nguyén duong nén x’™:5° = (2P -2P?3+... - 2'3P 2 + 3P 1)i5, *)

Tacod —-3=2(mod5) nén (*) suy ra p.2°*:5
Vé trai cua (*) laténg cua p s6 hang, vivaytacod p=5.
Khi d6 2° +3° = 2° +3° =275="5211 khong viét duoc dudi dang x”** véi X,y nguyén duong.
Vay trong moi truong hop ta c6 dpem.
Cau 8. Xét xem day (a,) xdc dinh bsi a, =2%+5 (véi ne N, n chir s 2) c6 bao nhiéu s6 nguyén
t6.

Lo gii.

a, =2+5=7 lasd nguyén t6
Véin>2,taco a, =2 +5=(2%)“-1+6:3 ma a, >3
Vay véi n>2 thi a, =2>+5 hop s6. Do d6 diy d cho c6 duy nhat 1 s6 nguyén t6 1a 7.
Cau 9. Cho s6 n va cac s6 nguyén té déi mot phan biét p,,..., p,. Ching minh rang véi moi sé nguyén
t6 pe{2 p,..., .}, $6 27" khong thé viét dugc dudi dang a® +b® véi a, b 1a cac sd nguyén
duong.

Loi gii.
Gia str ton tai cac s6 nguyén duong a, b saocho 2P~ " =aP +b° |
bat a=2"t,b=2"s,vdi x,yeN vat,seN*(tslé).

Khong mat tinh tong quét, gia st x>y .
Tach 2PePetl — oPXgP L PV gP _ Py [Zp(xfy)tp +Sp]

Néu x>y thi 2P*YtP +sP 1a woc duong 1é 16n hon 1 cua 2™ P mau thudn. Do d6 X =y va tir déy ta
co

2P PR =P 4 5P p e,

Hay 2P PP = (t 4 ) (t"’1 —tP s 4. —tsP P 4 s’”)

Tong tP! —tP?s+---—tsP 2+ 5P gdbm p s6 hang 1é nén 1a mot s 1é. Mat khac, téng nay lai 1a mot liy

thira caa 2, nénta cd tP* —tP2s+...—tsP 2 +sP* =1. Suy ra t? +s? =t +s, déu nay xay ra khi t=s=1.
Tuc la
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2P PP =141=2, Th daysuyra p,...p,+1-px=1hay p,...p, = py,dodo p,...p,:p, mau thuin

vi pe{p,...,p,}- Tacd dpcm.

Cau 10. Cho s6 nguyén t6 p va s6 nguyén duong n. Xét cac sé nguyén a,b,c thoa man
a"+ pb=b"+ pc=c"+ pa. Chang minh ring a=b=c.
Lo giai.

a"—b" = p(c-b) @
* Tir gia thiét taco <b" —c" = p(a—c) (2)

c"-a"=p(b-a) (3)
Trong ba sé a,b,c ludn c6 hai sé cling tinh chan Ié. Khéng mét tinh tong quat, gia st hai s do 1a a,b.
Khi d6 tir (3) suy ra a" va ¢" cuing tinh chan Ié nén ¢ va a cung tinh chan Ié. Tém lai a,b,c cing tinh
chan Ié.
* Gia sir trong ba sé a,b,c co it nhat hai s6 khac nhau. Khéng mat tinh tong quét, gia sir a =b. Khi d6 tir
(3)suyra c=a. Tirdo, kéthop (2) tacd b=c. Vay a,b,c doi mot phan biét.

*Tir (1), (2), @) tasuyra &2 =¢ e )
a-b b-c c-a
+ Néu n Ie thi a" —b" va a—b ciing du nén &2 >0 Tuong tu =—C >0, “ =% 50, Vi thé (4)
a—b b-c c—a

khong xay ra.

+Néu n chinthi a"-b"=a* —-b* =(a’-b’)C v6i CeZ.

Tuong t cling ton tai cac s6 A, B sao cho b" —c" = (b? —c?)A ¢"—a" =(c*—a?)B.

Thay vao (4) ta dugc.

Do a,b,c cling tinh chan 1é¢ nén (a+b)(b+c)(c+a):2,suyra p:i2= p=2.

Ding thie trén duoc viét thanh (a+b)(b+c)(c+a)ABC =-8.

Do a+b, b+c, c+a la céc sb chin nén tir dang thic trén ta thay a+b, b+c va c+a s& nhan mot trong
hai gia tri 12 2 va —2. Do d6 trong ba sé a+h, b+c, c+a s& cd hai sé bang nhau.

-Néu a+b=b+c thi a=c, mau thuan.

-Néu b+c=c+a thi a=b, mau thuan.

-Néu c+a=a+b thi b=c, mau thuan.

Tur cac mau thuan trén ta suy ra dpem.

Cau 11. Vi mdi sé nguyéntd p>2, dat A=(2+3)— (22 +3%)+(2° +3%)—---+(2° +3) . Tim diéu kién
cia p dé A chia hét cho 5.

Lo gidi.

Vi 2"+3" 5 voimoi neN, n l&. Nén A5 (22 +3%)+(2° +3") +---+ (2" +3"1)i5

Talai c6 2* =1 (mod5),3* =1 (mod5) nén

(2“”+2 +3““*2)+(24”+4 +3“”*“)522 +3°+1+1=0(mod5) véi moi neN.

* Néu p=4k+1 ke N thi (22+3%)+(2* +3") +---+ (2* +3*)=0(mod5)

* Néu p=4k+3, keN" thi
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(22 +32)+(24+34)+-“+(24k+2 +34k+2)§(24k+2 +34k+2)
=2?+3% =3 (mod5)
Vay tong chia hét cho 5 khi va chi khi p =1 (mod4).

Cau 12. Chang minh rang véi moi n nguyén duong ta c6 A=1°+2° +...+n’ chia hét cho
B=1+2+...+n.
Loi gidi.

Tacoé 2B=n(n+1).

Mit khac str dung tinh chat a* +b“:(a+b) véi moi s6 nguyén duong a, b vak I¢, ta co

2A=(1° +n5)+(25 +(n—1)5)+...+(n5 +1°):(n+1), do mdi s6 hang déu chia hét cho (n+1)

2A=(1+(n=1)")+(2 +(n=2)"}+ ..+ ((n=1)"+1°}+2n%in
Do (n, n+1)=1 nén 2A:n(n+1).Suyra A:B.

Céau 13. Chung minh rang néu N 13 s6 nguyén duong thi 2(12023 +27% 4+ n2°23) chia hét cho n(n+1)
Loi gidi.
Chimg minh rang néu n 1a s6 nguyén duong thi 2(12023 +2°% 4+ nzm) chia hét cho n(n+1).

Nhan xét. Néu a,b 1a hai s6 nguyén duong thi 8% +b*?:(a+b).
Khi do ta co

2(12023+22023+_“+n2023):(12023+n2023)+(22023+(n_1)2023)+_..+(n2023+12023)3(n+1) (1)

Mat khac

2(12023+22°23+...+n2°23)
= (12023 +(n —1)2023)+(22°23 +(n— 2)2023)+ ot ((n —1)2023 +12°23)+ 20 :n (2
Do (n,n+1)=1 va két hop véi (1), (2) ta duge 2(1%%°+2°%* +...+n**) chia hét cho n(n+1).
DPOI Ching minh rang néu N 1a s6 nguyén duong 1¢ thi
B=2(1"+2"+...+2022"):2022.2023 chia hét cho n(n+1) = 2022.2023 .
Cau 14. Ching minh rang 13".2+7".5+26 khong thé 13 s6 chinh phwong (ne N),
Loi giai.
bat n=3k+r (r=0,1,2; ke N).
Tacod A=13"2+7"5+26=13""2+7%"54+26.

=137.2197%.2+243“7".5+ 26

=2.13".(2197% —1") +5.7".(343“ 1) +2.13" +5.7" + 26
Taco (2197F 1)1 (2197-1) ; (343“-1): (343" -19):9
* r=0=2.13"+5.7"+26=33. Tacd 33:3 va 33/9.
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* r=1=213+5.7"+26=87:3, ma 87/9.

* r=2=213 +5.7"+26=609:3, ma 60979.
Vay véi moi ne N s6 13".2+7".5+ 26 :3 ma khdng chia hét cho 9 nén nd khong thé 1a sé chinh phuong.
I11. Mgt s6 bai tap twong tu



