Puinmor. CAC CHUYEN DE PAI SO

Chuyén dé 1
RUT GON VA TINH GIA TRI CUA BIEU THUC

A. Kién thirc can nhé

D¢ it gon biéu thic ¢6 chifa can thitc bac hai ta van dung thich hop cdc phép tinh
vé can thic va cdc phép bién ddi don gian biéu thitc chia can thic bac hai. Khi
ph6i hop cdc phép bién déi can thic véi cac bién déi bicu thic c6 dang phan thic
cinchi y :

= Trudce tién cin tim diéu kién xdc dinh (DKXD) d6i véi can thie cling nhu doi
vGi phén thiic.

VA ¢6 nghia khi A > 0.

X +2

Vi du,

Xx-120 X # 1

+220 2 -2
: c6 nghia khi {x {x
x—

— Diéu kién d€ bo déu gid tri tuyét doi :

m=|A|={Ane’uA20

-Anéu A <0

- Két qua nit gon dé & dang ndo 1a ty thude vao yéu cdu cu thé ciia bai todn.
Vidu : Sau khi thuc hién cic phép tinh va nit gon két qua duge

x—-4J;+3

P = l (méu thitc khong chira ddu can).
x p—

Ta cén it gon tiép
_Gx-Dex-3) _Vx -3
Wx =DWx+1 Jx +1

Bén day c6 thé gidi ti€p dugc nhimg cau héi tiép theo, nhu tim x dé :

P (v6i diéu kién x # 1).

® P ¢6 gid tri duong ;
® P c6 gid tri bing k ;
¢ P ¢6 gid tri nho nhat,...



B. Mot sé vi du
Vi du 1. Rit gon biéu thilc A = 4 - 243 — /7 + 443
Gidi

A=y3-23+1-4+4f3 +3

V(51 -2+ B
<5 -1+ 3

w3 = 1= 2 wJ3)==3.
Nhdn xét : Cic bicu thic 4 - 23 ; 7 + 43 déu ¢6 dang m + pvn

trong dé px/ﬁ = 2ab v6i a° + b° = m. Nhimg biéu thic nhu vay déu viét
duoc dudi dang binh phuong ctia mdt biéu thiic.

Vi du 2. Riit gon biéu thic B = /5 + 26 — /5 - 246 .
Gidi

Cach thit nhat :
B= (5 +42) -5 -2
SN 4 E| |5 E| = VB 42 - (45 - ¥3) = 245

Cach thit hai :
B=15+2v6 - 5-2J6
Taco: B? = 5+ 26 + 5= 26 - 2,/(5 + 246)(5 - 246)
=10 - 241 = 8.
ViB>0nén B = V8 = 242.

Nhdn xét : Cic biéu thic 5 + 2v/6 va 5 — 246 Ia hai biéu thic lién hop.

Gap nhimg biéu thic nhu vay, dé tinh B ta ¢6 thé tinh B trude réi sau d6 suy
ra B.




Vi du 3. Riit gon biéu thic

C=\/x+2—2,}x+l+\/x+2+2 Xl .

x+120 Xx2-1

<>
X+2-2Jx+120 {x+222,h:+l.

VEix>-1thi x +222Jx + 1 e (x+2)°24(x + 1)

Gidi. DKXD : {

x> +4x +424x +4 < x> 20 (luon ding).

Vay bDKXD lax 2 -1.
Cdch thir nhat :

C=4dx+1-2 x+|+1+\/x+l+2\/x+l+l

2

W] (R )
=|ﬁ-]l+|ﬁ+l|.
eNéu Jx +1 21 (hayx+121<x20)

thi C = x+l—l+1fx+l+l=2 X + 1.

eNeuO< Yx +1 <1 (hay0<sx+1l<le-1<x<0)

lhiC=l—1fx+l+,,"x+l+l=2.

Cach thie hai -
Taco

CP=x+2-2yx+1+x+2+2 x+l+2\/{x+2)2—4(x+l)

=2x+4+2\/x2+4x+4—4x—4

= 2x -1-4+2\/x_2 =2x +4 + 2|x|.
e Néu x 20 thi C? =4(x + 1) suy ra C=2-./x +1 (viC>0).
e Néu -1 Sx<Oth‘1C2=2x+4—2:-i=4suyraC=2(v‘|C>0).



Vi du 4. Chimg minh céc ding thic :

{J_ J7 J_—J_] [
902 -3 " 3= ) T =5

-J@ -57 =7

b) g + 8
3+4J5 J5-1
Gidi. a) Xét v& tréi T

_ [J'(JE-—I) JE(JE—I)]_ !
22 =0 283=D | J7-:5

=[ﬁ+J§]_I-J§

2 2 I

Vi3 Si-15
2 1
T8

2
=1 = VP

b) Xét vé trdai T

4(3—J§)+8(£+1)_|2_J5|
4

T =
4
=3 =5 + 35 +3 = @l5=9)
=7 = VP.
Nhdn xét : Cich giai trén khd don gian nhd ¢6 viéc truc can thic ¢ méu.

Néu quy dong mdu s6 thi viéc thuc hién cdc phép tinh rat phirc tap.

Wx +2 2Jx -3 33Vx - 5)

Vi du 5. Cho biéu thitc P =
x+1 3-Jx x-2Jx -3

a) Riut gon P;
b) Tim gid tri ctia P, biét x = 4 + 243

c¢) Tim gid tri nho nhat caa P.
Gidi. DPKXD:x>0;x#9.



Wx+2 2/x -3 36Jx-5)
Vx4l Yx -3 (x + x - 3)

_ BVx + 2)(Vx = 3) + 2V - HWx + 1) - 33Yx - 5)
Wx + Dx - 3)

=3x—9\/;+2\/_-6+2x+2\/-—3\/;—3—9\/;+]5
Wx + DWx - 3)

a) P=

s Sx—li'\/;-f-ﬁ
Wx + Dx - 3)

=5x—15J'-2JI+6
Wx + DEx - 3)

_Gx -3k -2
Wx + DHx = 3)

_5Ux -2
"\/:-—c-l-l'

b)Tac6x=4+2J?_;=(J§+I)zzznf_=\/§+l.
SW3+1D) -2 5/3+3 (543 +3)2 - 3)

Dodo P = - - =
J3 #1441 Vi+2 B+22-W)
=73 -9,
C)Tacél):sf-z:s&w-?
\/;+l J::+i
2
P=5- :
Jx +1
Vi d > 0 nén P ¢6 gia tri nho nhilt < L 16n nhat
Jx +1 ' VX + 1

<> WX + 1 nhonhat < x =0.
Khido minP=5-7=-2,



Vi du 6. Cho biéu thitc

Q- J;+l_ 2Jx +5\/;+2W. 3Vx - x
Wk -2 Vx+2 4-x ) x+afx+4
a) Rut gon Q ;

b) TimxdéQ=2;

¢) Tim cdc gi4 tri ca x d€ Q ¢6 gid tri am.
Giai. DPKXD:x>0;x#4;x#9.

Wx + DX +2) = 2dx(x =2) - (5Vx +2)  Vx3 = Vx)

a) Q= :
Wx - 2(x +2) Wx +2)?
Cx+3Wx #2-2x+4x -5V -2 (Sx +2)*
x = 2(x +2) Vx(3 - Vx)

o x+ 2\ Wx +2)?
Wx - 2)(Jx +2) Vx(3 - ¥x)

k-2 (x+2?
Wx - 2)x +2) Vx3 - Vx)

=J;+2
Jx -3
J;+2
=2 =2
b) Q N

& WX +2=2\/_—6
& —Jx = -8 < JX = 8 < x = 64 (thda min DKXD).

c}Q<0<:>\,;+2<0
Jx -3

SIXx =3<0Wivx +2>0) = JVx <3 x<09.
Két hop v6i DKXDtac6 Q <0khi 0<x <9 vax # 4.
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C. Bai tap

1,

Ruit gon biéu thire

1 . 8 6
a) + —9\/(-);
JE-—I \ff_)+2+3—\ff_>
el . off

1+V2 -3 2+3-45
Tinh

2) Y14 + 6J5 — |14 - 645 ;
b) Y5 + 16 - 25

a) Tinh (35 - 1)3 - (QE - 1)3 :

b) Tinh gid tri cta biéu thirc A = X’y - xy° véi

6 2
X = = = s
292 -2 + 44 Y2+ a
. 2&4-\/;—1[
0 = 5
3x+2J;-1

Rt gon P réi tinh gid tri cha P véi x = %: X = %

J;+2_~./;-—2- 4x _x+5\/;+6
vx -2 Jx+2 4-x)° x-4

Cho biéu thiic P = [

a) Rat gon P;
b) Tinh gid tri cia Pkhi x = /9 + 45 — /9 — 445 ;
¢) TimxdéP=2.

6vx — 18

Cho biéu thitc P = -
{x—4 x — dx + 4

J;—-I J;+1 Jxx—Qx—4\f;+8

a) Riut gon P;
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b) Timcdc gidtrichax déP>0;
¢) Timcdc gid trichax dé P< 1.

X + 2 J;—l \/;—-l

+ :
xVx +1  x =X +1 x -1

7.  Cho biéu thitic P =

a) Rut gon P;

b)’l‘imxdé|P|=§;

c¢) Chimg minh rang véi nhimg gid tri ctia x 1am cho P duoc xdc dinh thi P < 1.
8. Chobiduthic P=[——_ 4 X=¥x+6] (Vx+1 x-Vx-2}

Jx =1 x+yx-=2 Yx+2 x+Jx =2

a) Rut gon P;

b) Tim gid tri nho nhiit cia P ;

¢) Tim x dé P. f_ -

X" + 8x
Chuyén dé 2
GIAI PHUONG TRINH

VA HE PHUONG TRINH BAC NHAT HAI AN

A. Kién thic can nhé

1. Phuong trinh b4c nhét hai 4n la phuong trinh ¢6 dang ax + by = ¢ trong d6 x, y
la 4n ; a, b, ¢ 1a cdc s6 cho trude, a va b khong déng thoi bing 0.

2. Phuong trinh bac nhat hai 4n ax + by = ¢ luén ludn ¢é vo6 s6 nghiém (x ; y).
Cong thic nghiém tdng quat 12 :

x=te R ¢ — bt

c—at .. hoac a (az0)
y = 5 vGi b # 0 y=teR.

Cha y : Phuong trinh ax + by = ¢ ¢6 nghiém nguyén khi va chi khi ¢ chia hét
cho UCLN(a, b).
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3. Hé¢ phuong trinh bic nhat hai 4n ¢6 dang :
ax + by =c¢
) { e o

ax +by=c¢
trong d6 a va b ciing nhu a' va b' khong dong thoi bing 0.
Véi a'b'c’ = 0 ta dé dang dua dugc vé cic truong hop dic biét da biét.
Vai a'b'c’ # 0 thi:
e H¢ (I) ¢6 nghiém duy nhat khi E; # %

a

e He (I) vo nghiém khi E‘ = 2 o,
a b

e Hé (I) ¢6 voO s6 nghiém khi E; - E = E
a c
4. Cac phuong phdp giai hé¢ phuong trinh :
a) Phuong phdp thé

e Dung quy tic thé bi¢n déi hé phuong trinh da cho thanh mét hé méi trong
d6 ¢6 phuong trinh mot an.

e Giai phuong trinh mot 4n nay réi suy ra nghiém clia hé.
b) Phuong phap cong dai s

* Nhan hai v€ clia méi phuong trinh v6i mot thira s6 phu sao cho gid tri tuyét
doi ctia hé s6 cia mot 4n ndo d6 trong hai phuong trinh bing nhau.

e Ding quy tac cong dai s6 dé€ dugc mot hé méi trong dé ¢6 mot phuong
trinh mot 4n.

e Giai phuong trinh mot 4n ndy réi suy ra nghiém ctia hé.

B. Mét s6 vi du

Vi du 7. Cho phuong trinh 3x — 2y = 6. (1)
a) Vi€t cong thic nghiém tdng qudt cia phuong trinh (1) ;
b) Tim nghiém nguyén cua phuong trinh (1).

Giai

a) Xét 3x -2y =6. (1)
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3x -6
Suyray = 5
Cho x mOt gid tri t tuy v ta tinh duge gid tri twong ing cua y.
Ta dugc cong thitc nghiém tdng quét cua phuong trinh (1) 1a :
x=teR
- 3t-6
2

Ix-6 2x+x-6 X —6
= +

2 2

b)Tacoy =

bt KT—G =t (teZ)suyrax=2t+6.

Khi d6é nghiém nguyén ctia phuong trinh (1) la :

= 21 6 =2 6
X N hay ¥ " (t € Z).
y=2t+6+1 y=3t+6

Cho t mot gid tri nguyén nao dé ta duge mot nghiém nguyén cia phuong trinh (1).

. . x=8
Chang han, vGi t = | thi {
y =2
=10
vOi t = 2 thi .
y =12,
Vi du 8. Tim nghiém nguyén (x ; y) cia phuong trinh (x — 3)y2 = x°. (2)

Gidi
o Vi x = 3 thi (2) tré thanh 0.y” = 9, v6 nghiém.
e Vai x # 3 thi

2 = X" _x2—9+9 ——
X—-3 X -3 X -3
Do x,y € Z nén € Z.
X -3
Dodéx-3eU@9)={£1;+£3;+9}.

Tach:

14



X =3 I =1 3 -3 9 -9
X 4 2 6 0 12 -6
y? 16 —4 12 0 16 —4
y +4 0 +4

Vay cdc nghiém nguyén clia phuong trinh (2) 1a
0:0):(4:4):(4;-4):(12;4); (12; -4).
Nhdn xét : Phuong phdp gidi trong vi du trén goi 1a phuong phép rtdch ra cdac
gid tri nguyén.

2

duogc tach thanh x + 3 + ;
X -3 X

Vi x + 3 ¢6 gid tri nguyén nén 2 3 phai ¢6 gid tri nguyén, tir dé tim duge
X

X va suy ra gid tri cla y.
Vi du 9. Giai hé phuong trinh
x=5y=19()
3x + 2y =6 (2)
Giai.
Cdch thit nhat : (Giai bang phuong phép thé)
¢ Riit x tr phuong trinh (1) : x = 19 + 5y (3)
e Thé x = 19 + Sy vao phuong trinh (2) :
3(19+5y)+2y=6
<57+ 15y +2y=6
< 1Ty=-51y=-3.
e Thay y = -3 vao phuong trinh (3) dugc x = 19 - 15, x = 4.
Vay {x =4
y =-3.
Cdch thit hai : (Giai bang phuong phédp cong)
x=5Sy=19 (I)
{3:: + 2y =6 (2)

13‘ (cOt bén phai la thira s6 phu)
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3x - 15y = 57
Ix+2y=6

—17 y = 51 (trir timg v€ cua hai phuong trinh)
y =-3.
Thay y =-3 vao (1) dugc x = 5.(-3)= 19 = x=4.

o Lk
1 1y = 3,

Vi du 10. Giai hé phuong trinh

X+y X-Y
5 6

Xty X=¥%

Giai. DK : x £t y.
1
X +y
|
o
Khi d6 hé phuong trinh da cho tro thanh

3a+10b=1 (1)
a

=a (I)
Ta dat (I) -

=b (2)

52 +6b=-1()

15a + 50b = 5
15a + 18b=-3

32b = 8

.
p

Thay b =-3- vao phuong trinh (1) ta dugec 3a + -g =1, 3a = —73 a

16



(

a

.
Vay A« E

I

b

Thay két qua nay vao hé (I) ta duoc

2 = -2 = |
Jx Y _ {x " L {x 3 (thoa man DK).
- y

m-Dx-y=2()

Vi du 11. Cho hé phuong trinh
mx+y=m L)

a) Tim cdc gid tri cia m dé h¢ phuong trinh ¢6 nghiém duy nhét (x ; y).

b) Xdc dinh m d€ h¢ phuong trinh ¢6 nghiém duy nhét thoa man diéu kién

x+y<0.
Giai
g S |2
a) ¢ Néu m = 0 thi hé di cho tré thanh 0
y=»_0.
_ _ L |x==2
H¢ nay c6 nghiém duy nhat { 0
h et

Vay m =0 la mot gi4 tri cdn tim.
* Néu m # 0 thi hé phuong trinh da cho c6 nghiém duy nhit khi

m - | -1 1
:—c:»mii.

m
- -y =2 1
i (m-Dx -y ()
mx + vy =4 1 (2)
Cm-1)x=m+2.
Ne'um:t—l-!hix: rn+2_
2 2m - |

Thay x = 2rn - 21 vao phuong trinh (2) ta duoc

—

CDTOANIO 2A

17



2
y=m-mx=m(l -x)=m|1l - 2 s
2m - |

m? - 3m

4 2m -1

_m+2
2m - 1

Viy -
m® - 3m

m-=1"

.

m+ 2 m? - 3m

Khidox+y<0 < -
2m - | 2m - 1

=4

m* —2m + 2
2m -1

<0

S2m-1<0vim’-2m+2=(m-1)>+1>0)
o m<a.
2

Vi du 12. Giai h¢ phuong trinh ba 4n s6 :

x +2y -3z =11 (1)
2x —y-z=17 (2)
X+y=6 (3)

Giadi. Riit x tir phuong trinh (3) : x =6 —y. 4)
Thé biéu thife cta x vao phuong trinh (1) va (2) duoc
{6—y+2y-32=ll {y—3z=5
&

26-y)-y-2z=17 Ivy+z=35
. y—-3z =5 (1)
9y +3z =15 (2")
10y =20
y =2

Thay y = 2 vao phuong trinh (1) dugc 2 -3z=5=>z=-1.
Thay y = 2 vao phuong trinh (4) dugc x =6 -2 = x = 4.

18
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X =4
Dod6 iy =2 hay(x;y;z)=(4;2;-1).
z =~
Nhdn xét : N6i chung, d¢ giai h¢ phuong trinh nhiéu 4n ta c6 thé dung

phuong phdp thé. Tuy theo dac diém cua timg h¢ phuong trinh ta ciing ¢6 thé
dung phuong phdp cong.

C. Bai tap
9. Cho phuong trinh 2x - 5y = 3. (1)
a) Vi€t cong thirc nghiém 16ng qudt cha phuong trinh (1) ;
b) Tim cdc nghi¢m nguyén cta phuong trinh (1).
10. Tim x vay biét : 2x + 7y = 17| + (5x - 3y + 19)* = 0.
11.  Cho phuong trinh x> + (2a - 5)x -3b=0. (1)
Hiy xdc dinh cdc hé s6 a va b sao cho phuong trinh (1) ¢6 hai nghi¢m X, =2;

x2=-3.
[
27 N 21 _
12. Gidi h¢ phuong trinh: {© X 7Y
81 _ 105 _
B R g X—-Y
-y -2 =
13.  Giai h¢ phuong trinh : I > |)' l
~6K + 5)’ = 7
3x + =10
14. Chohe phuong trinh: {~F &~ ™ |
X=-y=35 (m lﬂthamsﬁ)

a) Tim m dé h¢ phuong trinh ¢6 nghiém (x; y) trong d6 x =
b) Tim m dé hé¢ phuong trinh ¢6 nghiém duy nht (x ; y) théa min 5x + 2y = 32,

x+y__5_
Xy g
15. Gisi hé phuong trinh : { L2 =2
yz 3
z+Xx 3
zx 2
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Chuyén dé 3
PHUONG TRINH BAC HAI MOT AN

A. Kién thirc co ban
1. Phutcong trinh bédc hai mot dn 1a phuong

trinh ¢6 dang

ax>+bx+c=0 (1)

trong d6 x 12 4n ; a, b, ¢ 12 nhimg s6 cho trude va a # 0.

2. Cong thirc nghiém

Cong thitc nghiém téng qudat

Cong thitc nghiém thu gon

Budc 1 : Tinh A = b® - dac

Budc 2 : Xét dau cha A

e Néu A <0 thi (1) vo nghiém

e Néu A =0 thi (1) c6 nghiém kép
b

2a

e Néu A > 0 thi (1) c6 hai nghiém phan
biét

x1=XE

_-bxVA
2a

§ -

Bu6c 1 : Tinh A'=b” —ac (b=2b")

Budce 2 : Xét ddu cua A'

e Néu A' <0 thi (1) v6 nghiém.

e Néu A' = 0 thi (1) c6 nghiém kép
b

X|{ = Xy = =—
1 2 a

e Néu A' > 0 thi (1) c6 hai nghiém phan
biét

b + A

X
1. a

2

3. Hé thic Vi-ét va img dung

e Néu x,, X, la hai nghiém cua phuong trinh ax>+bx +c=0(a#0) thi:

Sle+

P = xl.xq

x-—b
i

C
3 ‘

X+ Xy =8

* Ddo lai, néu c6 hai s6 x|, X, ma {x;x, =P

S2 4P >0

thi x,, x, la cic nghiém cia phuong trinh x> -Sx+P=0.
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Ap dung :
 Nhim nghiém ctia phuong trinh bac hai mot 4n ax” + bx + ¢ =0 (a # 0)

* Néu a + b + ¢ =0 thi phuong trinh c6 nghi¢ém x, =1 ; x, = =
a

* Néu a - b + ¢ = 0 thi phuong trinh ¢6 nghiém x, = -1 ; x, = by
a

e Tinh gid tri cta biéu thic d6i xing cia cdc nghiém va xét ddu cdc nghiém ma

khong cin giai phuong trinh (néu phuong trinh ¢6 nghiém) :

o2 42 2 b)Y  2c
Xp X5 =(X1+X) =2X Xy = | ==| = —,
1 2 | 2 182

a a
XI X2 KI12 a a c

* Phuong trinh (1) ¢6 hai nghiém trdi dau <» ac < 0.
a0
A20
P>0
S > 0.

* Phuong trinh (1) c6 hai nghiém duong <> +

(a#0
Az0
P>0
S < 0.
4. Giai phuong trinh quy vé phuong trinh bac hai

Cdch 1 : Dua vé phuong trinh tich.

Cdch 2 : Dat 4n phu.
5. Giai phuong trinh chia dn trong ddu gid tri tuyét doi
Ta ¢6 thé khir ddu gid tri tuyét doi bang hai cédch :

Cdch 1 : Xét ddu cia bicu thic trong diu gid tri tuyét doi

A] - {A n&u_A >0
-A néu A < 0.

* Phuong trinh (1) ¢6 hai nghi¢ém am < <

Cdch 2 : Binh phuong hai v€ ciia phuong trinh.
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B. Mot sé vi du
Vi du 13. Cho phuong trinh
2x% = (m+ 1x - (m +3)=0. (1)
a) Giai phuong trinh khim =4 ;
b) Chitng minh ring phuong trinh (1) luon c6 nghiém véi moi gid tri cua m ;
¢) Xdc dinh gid tri cha m dé (1) ¢6 hai nghiém trdi dau.
Giai
a) Khi m = 4 ta duoc phuong trinh 2x* = 5x =7 =0.
A=b>-dac=25+56=81; VA = 9.

Boils & 2ot =gy W e el
4
Cach khac : Tacba-b+c=2+5-7=0
nénx, =-1; x, =_—c=1=3,5.
" a 2

b) Xét biét thirc cua phuong trinh :

A=b’-4dac= [=(m + l}]3+ 8(m + 3)

=m’+ 10m + 25 = (m + 5)2 2 0 véi moi gid tri cia m.

Vay phuong trinh (1) luén ¢é nghiém véi moi gid tri ciia m.
c) Pﬁuung trinh (1) ¢6 hai nghiém trdi dau

<>ac<0e=>-2(m+3)<0e=>m+3>0m>-3.
Vi du 14. Cho phuong trinh

x> -2m+2)x+4m=0. (1)

a) Chimg minh ring phuong trinh (1) ludn ¢6 hai nghiém phan biét x,, x,

vGi moi gid tri ctam ;

b) Tinh theo tham s6 m gid tri cta biéu thifc

¢) Tim mot hé thire lién hé gitra x, va x, khong phu thudc vao m.
Giai

a) X¢ét biét thic A' ctia phuong trinh :
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A'=b?%—-ac= [-(m +2))* - 4m
=m’ +4 >0 véi moi gid tri chia m.
Vay phuong trinh (1) luon ¢6 hai nghiém phan biét véi moi gid tri cia m.
b) Theo hé thirc Vi-ét ta cé :

—_—

X;] + X =— =2(m + 2)
a
C
x]xZ = — =4m
a

Do d6 x]z + x% =(x, + xz)‘?— 2XX5

=4(m +2)° - 8m =4m* + 8m + 16.

2 2
] 5
Ta co -T.q.—.l—z.:u
Xp X3 (xxp)°
_4m2+8m+16_m3+2m+4
16m> 4m?
X + X9 =2(m + 2
c) Tacé . 2 ( )
X;X» = 4m

Suy ra 2(x; + X,) = X;X; =4m + 8 — 4m = 8 (khong phu thuéc m).
Nhdn xét : Dé viét duge mot hé thic lién hé giia hai nghiém khong phu
thudc m ta lam theo hai budc :

Budce 1 : Theo hé thic Vi-ét viét cdc hé thic ctia S va P theo m.
Budc 2 : Dung quy tac cong hodc thé dé khir m.

Vi du 15. Giai cic phuong trinh :
a)dx'-3x’-1=0;

b) 3x - 2v6x + 2 = 0.

Gidi. a) 4x" - 3x* - 1 = 0.

Patx’*=1201a dugc phuong trinh 4% = 3t — 1 = 0.

Via+b+c=0nént;=1;1t, =_Tl (loai).

Do d6 x* = l,suyrax=%1.
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b) 3x - 2J6x + 2 = 0. Diéu kién x > 0.
Pat Vx =120 suyrax =%

Ta duge phuong trinh : 3t — 261 + 2 = 0

A'=(\/E)2—6=0.

d _
Dodé t, , = Tﬁ suyra x=1" = {-?] = ; (théa man diéu kién).

Vi du 16. Giai phuong trinh
x> =X+ 1] =[x =2|=6. (1)

2
Gidi. Tac6 x> = x + | =[x —5] +-£-1->0 nénlxz—x+li=x2—x+l.

Khi d6 phuong trinh (1) trd thanh :
xz—x+1—|x—21=6. (2)
eNéux2>22thix-220,|x-2|=x-2.
Phuong trinh (2) trd thanh :
xz-x+l—(x-—2)=6hayx3-2x—3=0.

Via-b+c=0nénx, =- 1 (khong thuoc khoing dang xét)

X, = 3 (thudc khoang dang xét).
eNéux<2thix-2<0,[x-2|=2-x.
Phuong trinh (2) tr¢ thanh :

X =<x 4] —(2-—x)=6hayx2=7.
Suyra x, = J1 52 (khong thudc khoang dang xét)
Xy = =7 < 2 (thudc khoang dang xét).

Vay tap hop nghiém ciia phuong trinh (1) 13 S = {3 ; — /7).
Vi du 17. Cho phuong trinh
x> 46X +m=0. (D
Tim gid tri nguyén nho nhat cha m dé (1) ¢6 hai nghiém déu am.
Gidi. Phuong trinh (1) ¢6 hai nghiém am
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A'20
&S P>0 &
S<0

9-m2=20
m>0
-6<0

&S0<m<9,

Vim phdi la s6 nguyén nh6 nhit nénm = 1.

Vi du 18. Cho phuong trinh x> —6x +m=0. (1)
Tim gid tri chia m d€ phuong trinh (1) ¢6 hai nghiém x,, x, thda man diéu kién
a) 4x, — 5x, =42,

b) x,z + xg‘ = 20.
Giai. Diéu ki¢n dé phuong trinh (1) ¢6 nghiém 1a :

A'209-m20<m<9,
a) Theo h¢ thirc Vi-étta cé x; + x, = 6.

Két hgp véi diéu kién 4x, - 5x, = 23 ta ¢6 hé phuong trinh :

X; + X, =6 X, =8
=
4Xl _sz =42 Xa =—2.

Vi K].XE =

2 |e

= mnén m = 8.(-2) = —16 (thoa mén diéu kién).

X + X, =6
X] + X3 =20

Vi x,z + x% = 20 nén (x, + xz)z—lexz =20=36-2m=20
=> m = 8 (thoa min diéu kién).
Vi du 19. Giai hé phuong trinh

X—-y=J (1
Xy = 24 (2)
Giai. Rut x tir phuong trinh (1) : x =5 +y. (3)

b) Ta c6

Thé x =5 + y vao phuong trinh (2) ta dugc

S+y)y=24y +5y-24=0.
Giai phuong trinh nay tadugc y, =3 ; y, = -8



VGiy,=3thix;=3+5=8
V6iy,=-8thix,=-8+5=-3.

Do dé hé phuong trinh da cho ¢6 hai nghiém la: (8 ; 3); (=3 : -8).

C. Bai tap

16.

17.

18.

19.

20.

21.
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Giai cdc phuong trinh :

a)(x2+x—l)(x2+x+2)=40;

b)(x2+%)+2(x+1J—6=0.
X~ X

Cho phuong tﬁnh:x2+(m—5)x-3(m—2)=0. (1)

a) Chimg minh rang phuong trinh (1) luén ¢é nghiém x; = 3 v6i moi gia tri
cham ;

b) Tim m dé phuong trinh (1) ¢6 nghiém kép ;

¢) Tim m dé phuong trinh (1) ¢ nghiém x, =1 - J2.

Khong giai phuong trinh, hdy tinh toéng cdc binh phuong va hiéu céc binh
phuong cdac nghiém cua phuong trinh :

a)x*+5x+6=0;

b) 7x*-x +2=0.

Khong gidi phuong trinh, xét dau cdc nghiém cua cic phuong trinh sau :
a)(l+\/§)x2+7x+l——\/_=0:

b)5x2+8x+ [ =0"

¢) x* ~22x +2 =0.

Cho phuong trinh (m + 4)x? = 2(m -3)x -2 =0. (D

a) Chimg minh rang phuong trinh (1) luén cé nghiém véi moi m ;
b) Tim m dé phuong trinh ¢6 mot nghiém 1a 1.

Khi dé tim nghi¢m thit hai cia phuong trinh.

Cho phuong trinh x> + 2(m+ Dx +2m = 0. (1)

a) Chimg t6 ring phuong trinh (1) luon c¢é hai nghiém phan biét x,, x, v6i
moi gid tri cham ;



22,

23.

24,

285,

b) Tim h¢ thiic lién h¢ gitra hai nghiém x,, x, khong phu thudc m, tir dé hay
bi€u thi x, theo x, ;

¢) Tim gid tri nho nhat ctia biéu thic A = x? + x3.

Cho phuong trinh mx’ + 2m-5)x+m-2=0. (1)

a) Xdc dinh m dé phuong trinh (1) ¢6 nghiém ;

b) Xdc dinh m dé phuong trinh (1) ¢6 hai nghiém phan biét x,, x, sao cho
(6x; = 1)(6x5 = 1) ==2.

Cho phuong trinh x* = 10x + m = 0.

Tim m d€ phuong trinh ¢6 hai nghiém x,, x, sao cho :

a) X, = 4x, ; b) xj + x3 = 370.

Cho phuong trinh : x* - 2mx - 2m - 1 = 0.

Tim cdc gid tri chia m dé phuong trinh ¢6 hai nghiém x,, x, théa min

X, + 3x, = 14.

Chophuunglﬁnh:xz-—Z(m—I)x+m2+4m+13=0. (1)

a) Xdc dinh m dé phuong trinh (1) ¢6 nghiém ;

b) Xdc dinh m dé phuong trinh (1) ¢6 hai nghi¢ém am.

Chuyén dé 4

GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

HOAC HE PHUONG TRINH

A. Kién thirc can nhé
Giai todn bang cach lap phuong trinh hoic hé phuong trinh gém ba budc :
Bucoe 1. Lap phuong trinh (hodc hé phuong trinh) cha bai todn :

— Chon 4n s6 va dat diéu kién cho 4n s6.
— Biéu dién céc dai lugng chua bi¢t theo dn va theo céc dai luong da biét.

— Lap phuong trinh (hoac hé¢ phuong trinh) biéu thi méi quan hé gira cdc dai
lugng.
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Buoe 2. Giai phuong trinh (hodc h¢ phuong trinh).

Bucoe 3. Tra 16i : Kiém tra xem trong cdc nghiém cta phuong trinh, nghiém nao
thoa man diéu kién ctia 4n, nghiém nao khong thoa man, r6i két luan.

Khé khan ma hoc sinh thudong gap 1a khong biét biéu dién céc dai luong chua bict
theo 4n s6 va theo cdc dai luong di biét khdc, uic 1a khong thiét lap duoc méi quan
hé giira cdc dai lugng. Ty theo timg dang bai tap ma ta xdc dinh duge cdc dai
luong c6 trong bai, cdc cong thie biéu dién maéi quan hé gitra cdc dai lugng dy.

B. Mot so vi du
Vi du 20. Lic 6 gid mot 0 16 chay tir A vé B. Sau d6 nira gids, mot xe mdy chay tu
B vé A. O 10 gap xe mdy lic 8 gid. Biétl van t6¢ 0 10 hon van t6c xe mdy la
10 km/h va khodng cich AB = 195 km. Tinh van t6c mdi xe.
Nhgn xét : Bai todn niy 1a mot bai todn vé chuyén dong.
I. Todn chuyén dong ¢6 ba dai lugng :
Quing dudng = Van t6¢ x Thoi gian
Van t16¢ = Quing dudng : Thoi gian
Thoi gian = Quing dudng : Vin t0c.
2. Cdc don vi cua ba dai lugng phai phu hgp véi nhau, Néu quing dudmg tinh
bang ki-10-mét, van t6c tinh bing ki-16-m¢ét/gidr thi thoi gian phdi tinh bang
gid.
Giai. Goi vin toc 0 t0 1a x (km/h) (x > 0).
Goi van toc xe mdy la y (km/h) (y > 0).
Vi vin t6c 0 1O hon van toc¢ xe mdy 1a 10 km/h nén ta ¢6 phuong trinh :

x-=y=10.
Thai gian 0 t0 dd di cho dén lic gap xe mdy la: 8 — 6 = 2 (gid).
Thai gian xe mdy dd di cho dén lic gapotola: 2 - % = % (gidr).

Quing dudng 0 16 chay trong 2 gid la 2x (km).

-
Quing dudng xe mdy chay trong 2 giv la 3—; (km).
Vi quang dudng AB dai 195 km nén ta ¢6 phuong trinh

2x + -g—y = 195 hay 4x + 3y = 390.
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x-y=10

4x + 3y = 390.

Giai hé nay ta duge x = 60 ; y = 50 (thda min diéu kién).

Vay van t6c 6 t6 la 60 km/h, van t6¢ xe may 1a 50 km/h.
Luuy:

Do d6 ta c6 hé hai phuong trinh : {

— Trong todn chuyén dong ngugc chiéu thi tdng quing dudmg hai xe da di
ding bang khoing cich ban ddu giira hai xe.
— C6 thé chi chon mot 4n s6 dé gidi bai todn trén.

Vi du 21. Mot tau thiy chay xu6i dong song 66 km hét mot thoi gian bang thai
gian tau chay nguoc dong 54 km. Néu tau chay xu6i dong 22 km va ngugc dong
9 m thi chi hét 1 gid. Tinh van toc riéng cua tau thuy va van t6c dong nude (bict
vin t6c riéng cia tau khong déi).

Nhdn xét : Bai todn nay 1a bai todn chuyén dong trong dong chdy. Cin nhé :
— Van t6c xuodi dong = vén tdc riéng + van tdc dong nudc
— Vin t6¢ nguge dong = van téc riéng - van t6c dong nude.
Gidi. Goi van téc riéng cua tau thiy 1a x (km/h). ‘
Goi van toc cia dong nude lay (km/h) (x >y > 0).
Suy ra van téc cua tau thuy khi xuo6i dong l1a x + y (km/h).
Van t6c cua tau thuy khi nguoc dong 1a x — y (km/h).
Dén t6i h¢ phuong trinh :

r

66 54
T = =30 .
A e S (thda min diéu kién).
22 9 y =3.
- =1
| X+y X-Y

Vay van t6c riéng cua tau thay la 30 km/h.

Van t6c cua dong nude 1a 3 km/h.

Vi du 22. Mot t6 cong nhan theo k& hoach phai san xuat dugc 280 san phim véi
ning sudt dinh truée. Do mdi rgay t6 d6 da san xuat vugt mic 10 san phdm nén 16
da hoan thanh k€ hoach sém hon thoi gian quy dinh la | ngay va con san xudt
thém duge 20 san phdm. Tinh nang suat dinh trudc.

Nhdn xét : Bai todn nay 1a mot hai todn vé ndng sudt. Loai todn nay c6 ba
dai luong :
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1. Khoi luong cong viéc = Nang sudt x Thoi gian.

2. Nang sudt = Khoi lugng cong viéc : Thoi gian.

3. Thoi gian = Khoi lugng cong viéc : Nang sudt.
Gidi. Goi nang suat dinh trudc 1a x (san phdm/ngay) (x : nguyén duong)
Suy ra nang sudt thuc t€ 1a x + 10 (san pham/ngay).

Thoi gian du dinh lam la e (ngay).
X

Thoi gian thue t€ da 1am la
300
+10
Theo dé bai, 10 da hoan thanh ké hoach sém dugc mot ngay nén ta c6 phuong trinh
280 300

(ngay).

1

X x +10
< x% + 30x — 2800 = 0, ¢6 nghiém x, = 40 (thoéa min DK),
Vay nang suat dinh trude 12 40 san phdm/ngay.
Vi du 23. Hai voi cing chdy vao mot bé khong ¢6 nudce thi sau 4 givr 48 phiit sé
ddy. Biét rang thoi gian vdi I chdy mot minh ddy bé it hon thoi gian voi II chay
mot minh ddy bé 1a 4 gid. Hoi mdi voi néu chay mot minh thi phai mat bao lau
méi ddy bé ?
Nhdn xét : Bai todn ndy 12 mot bai todn vé cong viéc dong thoi. D giai loai
todn nay, ta thuong coi toan bo cong viéc la 1 don vi.
b
Thoi gian
Lap phuong trinh theo miu :

Suy ra nang sudt =

Téng cédc niang sudt riéng = Nang suat chung.

Gidi. 4 gidy 48 phiit = 4% giyy = % gidy.

Goi thoi gian dé voi I chdy mot minh ddy bé 1a x gid [x > 2—54]

Suy ra thoi gian dé voi I1 chdy mot minh ddy bé la x + 4 (gid).
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Trong 1 gid voi I chay duoc & (bé).
X

— (b8,

Trong 1 gid voi 11 chay duoc
X

Trong 1 gir ca hai vdi chay duoc 1 : 2?4 = % (bé).

Dodétacéphuongtﬁnh:i+ : =-5—¢::»5x2—28x—96=0.
X XxX+4 24

Phuong trinh ¢6 nghiém x, = 8 (théa min PK) ; x, = ;;—2- (loai).

Vay: Voi I chay mot minh ddy bé trong 8 gid.
Voi II chay mot minh ddy bé trong 12 gid.
Vidu 24. Tim mot s6 tu nhién c6 hai chir s6 biét ring t6ng céc chir s6 ctia né bing

3 s6 d6. Néu vi€t s6 d6 theo thit tu nguge lai thi duge mot s6 méi hon s6 di cho

la 18.
Nhdn xét : Bai todn ndy 1a mot bai todn vé sé'va chit s6. Trong hé thap phin
thi 56 ¢6 hai chir 6 xy dugc biéu dién thanh tdng 10x +y, trong d6 x € N :

O0<x<9vayeN;0<y<9.
S6 vi€t theo thit tr nguoc lai la y_x = 10y + x.
Giai. Goi chir s6 hang chuc ctia s6 phai timlax (x e N: 0 <x < 9).
Goi chir s6 hang don vi ctia s6 phai timlay (y e N; 0<y <9).
S6 phai tim 1a 10x + y.
Ta c6 phuong trinh : x + y = %.(le + y) hay 6x -3y =0.

Theo dé bai s¢ viét theo thit tu nguoc lai hon s6 di cho 1a 18 nén ta ¢6 phuong
trinh :

(10y +x)-(10x +y)= 18 hay —x +y = 2.
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6x -3y =0

Do d6 ta ¢6 hé phuong trinh : {
-X+y=2

X =2 )
= { (thoa mian DK).
y=4

Vay so phai tim la 24.
Vi du 25. Mot khu vuon hinh chit nhat ¢6 chu vi 1a 180 m. Néu giam chiéu dai di
20% va tang chiéu rong thém 20 m thi dién tich méi bing % dién tich ci. Tinh

chiéu dai va chiéu rong ctua khu vuon.
Nhdn xét : Bai todn ndy 12 mot bai todn vé so sdnh, tang giam, hon kém mot
56 dom vi, mét sé’'lan.

— Néu A hon Blak don vi thi A—B=k hoac A=B +k.
—~ Néu A hon B la k lan thi A =kB.

— Néu s0 A bang % sO Bthi A = %B.

Gidi. Goi chiéu dai ctia khu vuon 1a x mét (x > 0).
Goi chiéu rong ctia khu vuodn la y mét (y > 0).
Theo dé bai, chu vi ctia vudn 12 180 m nén ta ¢6 phuong trinh :
(x +y).2= 180 hay x + y = 90.

Néu giam chiéu dai di 20% cua n6 thi chiéu dai con lai 1a %x (m).
Néu tang chiéu rong thém 20 m thi chiéu rong 1a y + 20 (m).

Dién tich khu vuon méi la %x.(y + 20) (mzj.
Theo dé bai, dién tich méi bang % dién tich cii nén ta c6 phuong trinh :

%]ax.(y + 20) = %xy hay 40x — xy = 0.

Do d6 ta c6 hé phuong trinh :
X+ y=90 1 = 50 "
y () — & (thoa man diéu kién).
40x - xy =0 (2) y = 40.

Vay chiéu dai khu vuon la 50 m, chiéu rong khu vuon la 40 m.
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C. Bai tap

e Todn chuyén dong

26. Quang dudng AB gom mot doan 1én d6c AM va mot doan xudng déc MB.
Mot ngudi di xe dap tir A dén B mét 2 gidy ; di tir B vé A hét 3 gio. Biét van
téc 1én doc (lic di ciing nhu lic vé) 12 9 km/h, van t6¢c xudng doc (lic di
cung nhu lic vé) la 18 km/h. Tinh do dai cdc quang dudng AM, MB.

27.  Quiéng duong AB dai 20 km. Lic 7 gir sdng mot xe 0 10 khdi hanh tir A.
Trude dé 30 phit mot xe may khai hanh tir B ciing di vé C (B ndm giira A va

C). O t6 dudi kip xe mdy lic 11 gid. Biét van t6¢ 6 16 hon van t6c xe mdy la
10 km/h. Tinh van t6c méi xe.

28. MOt ca n6 chay xu6i dong va nguoc dong trén song véi van t6c riéng khong
déi. Néu ca no chay xudi dong trong 1 gidr réi nguoc dong trong 2 gi¢ thi
dugc téng cong 126 km. Néu ca n6 xuoi dong trong mot gidy rudi va nguoc
dong trong mot gid rudi thi duoc tit ca 129 km. Tinh van t6c riéng clia ca nd
va van t6c dong nudc.

29. Hai 0 16 cung khoi hanh tir A dé di vé B cach nhau 150 km. Van t6c xe I hon
van toc xe Il la 5 km/h nén dén B trude xe 11 12 20 phiit. Tinh thoi gian méi
xe da di.

e Todn ndng sudat

30. Theo k& hoach mot 16 phai san xudt 180 tan hang trong mot thai gian. Do
moi ngay t6 d6 da san xudt vugt mic 8 tdn nén té da hoan thanh k€& hoach
sém hon dy dinh 1 ngay va con san xuét vuot mic 10 tdn hang nira. Tinh
nang sudt du kién.

31.  Theo ké hoach, trong ciing mot thoi gian dinh truée, hai t6 cong nhan phai
san xudt cing mot s6 san phidm. Khi thuc hién, méi ngay t6 I tang thém 4
san phdm nén ching nhimg hoan thanh k& hoach sém duogc 3 ngay ma con
vuot mirc 58 san phdm. Méi ngay (8 11 tang thém 3 san phim nén ching
nhimg hoan thanh k¢ hoach sém dugc 2 ngay ma con vugt mifc 54 san phim.
Hoi k€ hoach, méi 16 cong nhan phai sén xuét bao nhiéu san phdm ?

e Todn vé cong viéc dong thoi

32. Hai d6i cong nhan cung lam chung mot cong viéc thi sau 4 gid sé€ xong.
Nhung hai d6i méi lam chung dugc 3 gitr thi doi I nghi, doi II tiép tuc lam
thém trong 3 gidr nita méi xong.

Hoi méi doi néu lam mot minh thi phai bao 1au méi xong cong viéc ?
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33.

: -
Hai vdi nuéc cuing chay vao mot bé can trong 45 phit thi dugce 3 bé.

N¢u chay riéng thi voi Il chay ddy bé cham hon voi I'1a 2 gid.
Hoi mdi voi néu chay mot minh thi mét bao nhiéu lau méi ddy bé ?

e Todn vé sé va chir so

34.

35.

Tim mot s6 ¢6 hai chir s6 biét ring tdng céc chir s6 cua né bang 9. Néu viét
thém chir s6 0 xen vao giira hai chir s6 cta n6 thi duge mot s6 méi gdp 9 lan
s6 ban dau.

Tim mot s6 ¢6 hai chir s6 biét ring tong ctia s6 dé véi s6 Vi€l theo thir o
nguoc lai 1a 132. Néu ldy s6 d6 chia cho tich cdc chir s6 cia n6 thi dugc
thuong la 2 va du 5.

e Cdc dang todn khac

36.

37.

38.

39.

34

Theo ké& hoach trong mot thdi gian hai té phai san xudt dugc 1000 san phim.
Nhung thuc t€ hai t8 di san xudt vuot mic 69 sin phdm. Tinh ra (6 I dat
108% ké& hoach, 16 11 dat 106% k¢& hoach. Hoi theo k€ hoach, méi t6 phai sin
xudt bao nhiéu san phdm ?

Mot 16p hoc ¢6 mot s6 vé dé 1am phdn thudng cho hoc sinh tién ti€n. Néu
mébi hoc sinh duge chia 12 vé thi con thira 10 vo. Néu mdi hoc sinh duge
chia 13 v thi lai thiéu 10 vé. Hoi 16p hoc d6 ¢6 bao nhiéu hoc sinh tién tién
va bao nhiéu quyén va dé 1am phén thuong ?

Mot phong hop ¢6 360 ghé ngdi dugce sip xép thanh timg hang, mdi hang ¢6
s6 gh& nhu nhau. Vi ¢6 418 ngudi dén hop nén ching nhimg phai xép thém 2
hang gh¢ ma mdi hang con phai xép thém 1 gh¢ nita thi méi da chd ngoi.
Hoi lic ddu c6 bao nhiéu hang ghé, biét s6 hang gh¢ khong qua 25 7

C6 hai phan xuéng, phan xudng I 1am trong 10 ngay, phan xudong II lam
trong 12 ngay duoc tat ca 940 san phdm. Biét s6 san phdm phan xudng I lam
trong 4 ngay hon s6 san phdm phan xudng II lam trong 3 ngay 1a 25 san
phdm. Tinh s6 san phdm méi phan xuong da lam.

CDTOAN10 3B



Chuyén dé 5
HAM SO VA PO THI

A. Kién thirc cdn nhd
1. Dinh nghia

° Ham s6 bac nhit 1a ham s6 dugc cho boi cong thitc y = ax + b trong d6 a, b
1a céc s6 cho tru6e va a # 0.

Dic biét, khi b = 0 thi ham s6 ¢6 dang y = ax.
e Phuong trinh bac nhat hai 4n ¢6 dang ax + by = ¢

(a, b, ¢ 1a cdc s0 da biét, a # 0 hoac b = 0).

Néu b # 0 thi ¢6 thé dua phuong trinh vé dang y = mx +n,
e  Hams6y =ax’ (a= 0) la ham s bac hai dac biét.
2. Tinh chat

° Ham s6 bac nhit y = ax + b (a # 0) xdc dinh véi moi gid trictiax € R va:

— Déng bién trén R khia>0;
— Nghich bién trén R khia <0,

o Hamsoy = ax’ (a # 0) xdc dinh véi moi gid trictax € R va :

— Né€u a > 0 thi ham s6 nghich bién khi x < 0, dong bién khi x > 0;
— Néu a <0 thi ham s6 dong bién khi x < 0, nghich bién khi x > 0.
3.D06 thi
a) DO thi ciia ham s6 y = ax + b (a # 0) la mot dudng thang :
— Cit truc tung tai diém c6 tung do bang b.
— Song song vGi duong thiang y = ax néu b # 0 va tring v6i dudng thiing
y=axnéub=0.
S6 a goi la hé 56 géc, s6 b goi 1a tung dé goc cia dudmg thang,
Goi o 1a géc tao boi dudng thing y = ax + b (a # 0) va truc Ox.
Néu a > 0 thi tga = a.
Néu a <0, tadat B = 180° - a. Khi dé6 tanf} = |al.
Tinh f réi suy ra a = 180° - 3.
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b)

D6 thi ctia ham s6 y = ax? (a # 0) 12 mot parabol dinh O va nhan truc Oy lam
truc doi xung.

— Néu a > 0 thi d6 thi ndm phia trén truc hoanh, O 1a diém thip nhit cua dé
thi. Gid tri nho nhat ciaham sé lay = 0.

— Néu a < 0 thi d6 thi ndm bén duéi truc hoanh, O 1a diém cao nhat cia dé
thi. Gid tri 16n nhat cia ham s6 lay = 0.

4. Vi tri twong doi ciia hai dwomg thdng, ctia dicong thang va parabol

Cho c4c duomg thing (d):y=ax+b (az0),
d@):y=ax+b' (a'#0),
va parabol (P) : y = kx? (k # 0).
Khi dé :
e(d)cit(d)e>a=a'
e(d)//(d)e>a=a"vabzDb
e (d)trung (d)<>a=a"vab="b"
e(dL(d)e>aa =-l.
Xét phuong trinh kx?=ax + b (1)
¢ Néu phuong trinh (1) vo nghiém thi (P) va (d) khong giao nhau.
e Néu phuong trinh (1) ¢6 hai nghiém phan biét thi (P) va (d) cit nhau tai hai
diém phan biét.
e Néu phuong trinh (1) ¢6 nghiém kép thi (P) va (d) ti€p xic nhau.
Hoanh d¢ cta giao diém (hoic ti€p diém) cua (P) va (d) chinh la nghi¢m cua
phuong trinh kx*=ax +b.

5. B0 sung

a)

b)

36

Cho diém A(x, ; y,) va B(x, ; y»).

Khi d6 AB = y(x, — x,)2 + (y2 — y,)° .

Khoang cich h tir géc toa do O dén dudmg thing y = ax + b.

e C6 thé dung hé thirc lugng trong tam gidc vuong dé tinh.

e Dic biét, néu dudng thing duge cho bai phuong trinh ax + by = c thi

—

\ﬂaz + b? ‘



B. Mét s6 vi du

Vi du 26. Cho ham s6 y = m(x + 1)> - 2x°. (1

a) V@i gid tri nao cha m thi (1) 1a ham s6 bic nhét ? Khi d6 ham s6 ndy déng bién

hay nghich bién ? V& d6 thi ciia ham s img véi gié tri d6 cha m.

b) Vi gid tri ndo cha m thi (1) 1a ham s6 y = ax’ (a # 0) ? V& d6 thi cha ham s6

img vGi gid tri d6 cia m.

Giai

a) Ta khai tri€n va viét ham s6 da cho duéi dang
y=(m-2)x>+2mx+m. (1)

m-2=0 >

m # 0

y4

Ham s6 (1') 1a ham bac nhat < {

SSm=2,

Khi do6 (1') tro thanh y = 4x + 2 ¢c6 dang y = ax + b. =
Ham s6 nay dong bién via=4 > 0. N
e V& d6 thi (d) cia ham s6 y = 4x + 2.

(Xem hinh vé)

X 0 ]

|

y 2 0 v

b) Ham s6 (1') 12 ham s6 y = ax” (a # 0)

m # 2
>
2mx + m = 0 véi moi x

m# 2
= . e&m=0.
{m(Zx + 1) = 0 véi moi x

o
15
)

=Y

L

-2

Khi d6 (1) trés thanh y = -2x°.

e V& d6 thi (P) ctia ham s6 y = —2x°.
(Xem hinh vé)

X | 2(-1]0 1 2

.
-

y | -8(-2] 0| -2|-8
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Vi du 27. Cho cdc ham s6 :
y=2mx+m+ | (1)
y=(m-1Dx+3 (2)
a) Xdc dinh m dé ham s6 (1) dong bién, cdon ham s6 (2) nghich bién.
b) Xdc dinh m dé d6 thi ctia hai ham s6 song song vdi nhau.
¢) Chimg minh ring do thi (d) cia ham s6 (1) luon di qua mot diém c6 dinh véi
moi gid tri cha m.
Giai
a) Ham s6 (1) déng bién va ham s6 (2) nghich bi€n

2m > 0 m>0
= & &S0<m<l.
m-1<0 m < |

b) D6 thi cua hai ham s6 song song véi nhau
2m=m - | m=-1
— — <oSm=-1.
m+1#%3 ms2

¢) Viét lai ham s6 (1) dudi dang y=m(2x + 1) + 1.

Ta thdy véi moi gid tri cia m, khi x = —% thiy= 1.

Vay dé thi (d) ctia ham s6 (1) luon di qua mot diém ¢6 dinh 1a diém M [—% - l}

Vi du 28. Xic dinh ham s6 y = ax + b, bi¢t d6 thi (d) cua né di qua A(2 ; 1,5) va
B(8 ; —3). Khi d6 hay tinh :

a) Géc a tao boi duong thing (d) va truc Ox ;

b) Khoang cdch h tir géc toa do O dén dudmg thing (d).

Giai

Vi (d) di qua A(2 ; 1,5) va B(8 ; =3) nén toa do clia A va B phai thoa man phuong
trinh y = ax + b.

Thay x =2 ; y = 1,5 r6i lai thay x = 8 ; y = =3 vao phuong trinh y = ax + b ta dugc
hé phuong trinh :

1.5=2a+b a=—E
IS
-3=8a+b
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Vdy ham s6 cin xdc dinh 1a ¢4

3
= —-=Xx + 3.
A

£ i 3
a) DO thi cia him s6 y = ——x + 3
" g
cat truc tung tai diém P ¢6 tung do

bing 3 ; cit truc hoanh tai diém Q c6 ) § H
hoanh do6 1a 4. A
] -—--
Xét A POQ vuong tai O ¢6 : 4 E
tan(ji .0 o ~ tan 36°52' E a
oQ 4 —— -
—_— O 2 X
suy ra Q, = 36°52". N
Do d6 o = 180° — 36°52" = 143°8".
b) VEOH LPQtaco:
1 1 1 | 1 1 25
+ hay — =— + —

OHZ o0oP* 002

Dodé h = Jﬁ = 2,4,
25

Vi du 29. Cho parabol (P) : y = ax” va dudng thing (d) : y = x + 1.,5.

a) Tim a biét rang (P) cit (d) tai diém A ¢6 hoanh do bing —1.

b) Tim toa do giao diém thit hai B (B khdc A) cia (P) va (d).

¢) Tinh do dai AB.

Giai

a) Dudng thiang (d) di qua A ¢6 hoanh do bing —1 nén ta thay x = —1 vao ham s6
y=x+15dugcy=-1+1,5=0,5.

Vay toa do cua diém A la (=1 ; 0,5).

Parabol (P) di qua A nén ta thay x = -1 ; y = 0,5 vio ham s6 y = ax?, duoc
0,5=a(-1)%, suyra a = -;—

Vayy = —;-xz.
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b) Xét phuong trinh hoanh do giao

b3 = vi
diém cua (P) va (d) : T
ETUECEISITINE, | MIE eSS PSS
lxz =X + é
2 2
& x2-2x-3=0.
Phuong trinh ¢é hai nghiém x, = -1 T
| D———.,. .
Vfi XZ = 3.. ..

Véix,=3thiy,=3+1,5=4,3.
Vay toa do cha diém B 1a (3 ; 4,5).
c)Taco:

AB = (x, - X)) + (v, - ¥)) 2
AB* =16 + 16 = 32.

Lad -

Do dé AB = /32 = 44/2.

C. Bai tap

40.

41.

42,

43.

40

Chohams6y =ax +b.
a) Xdc dinh cdc hé s6 a va b, biét dé thi clia n6 song song vé6i dudmg thang

y = %x va di qua diém A(3 ; 4).

b) V& d6 thi cia ham s6 vira duge xdc dinh.

Cho dudng thing (d) :y=ax -2 (a#0);

a) Xdc dinh hé s6 a dé dudmg thing (d) tao véi truc Ox mot géc o = 45°,

b) Véi gid tri vira tim dugce cua a, tinh khoang cich tir goc toa do O dén
dudmg thing (d).

ChohamsOy = ax’ (a=0).

a) Xdc dinh hé s6 a biét dé thi (P) cua né di qua A4 ; 4).

b) Viét phuong trinh dudmg théng (d) di qua A va ti€p xic véi (P).

Cho parabol (P) : y = x% v dudmg thing (d) : y = —x + 2.

a) Chimg minh ring (d) va (P) luoén cat nhau tai hai diém phan biét A va B
nam vé hai phia cla truc tung.

b) Chimg minh ring tam gidc AOB la tam gidc vuong. Tinh dién tich cia
tam gidc dé.



44. Cho parabol (P): y = %xz va dudmg thing (d) : ax +y = 1.

a) Chimg minh rang (P) va (d) ludn cat nhau tai hai diém phan biét.
b) Xdc dinh a dé AB c6 d¢ dai ngan nhat. Tinh d6 dai ngin nhat dé.

Chuyén dé 6
CHUNG MINH BAT PANG THUC

A. Kién thirc can nhé

1. Dinh nghia bdt dang thitc

Ta goi hé thitc dang a<b (hay a>b;a<b;a2>b) la bat ding thic.
2. Tinh chat cuia bat dang thic

l)a<beb>a.

2)izh:bge=a<e

3)Ja<bea+c<b+ec.

4)a<b<eac<benéuc>0.

a<b&ac>b.cnéuc<0.
5) Cong timg v€& cha hai bt ding thic cing chiéu duoc mot bat dang thirc cing
chiéu.
6) Trir timg v€ clia hai bét dang thirc khdc chiéu duge mot bat dang thitc méi cling
chiéu véi bat ding thite thit nhat.
7) Nhan timg v€ cua hai bat ding thic cing chiéu ma hai v&€ khong am ta duoc
mot bat dang thic cing chiéu. Dac biét :
ea>b>0=>a’>b%;a>|b| = a®" > b™".

ea>b=a?*!spt!

8) Néua>b>0 thi L < l
a b
3. Mot 56 hdng bat dang thitc hay ding
1) Néu a va b 1a hai s6 cuing dau thi
b

%+—22 (dau "="xayra<>a=b).
a

4]



2}Ne‘ua.b>01h‘ll+lz
a b a+b

3) |a + b| £ |a| + |b| (ddu "=" xay ra khi a.b 2 0).
4) |]a =b| = [a] - |b] (d&u "=" xdy rakhia> b>0hoidca<b<0).
5) Bat ding thic Co-si

(ddu "="xayra<>a=Db).

vaia.bzmhi“;ba& hay a + b > 2v/ab

(ddu "=" xay ra khi a = b).
Vii dang khic cta bat ding thie Co-si :
: 2

2
Jab a+b

2
o [a ; b] aab:(a+b}224ab;az+b222:1b.

(vGia>0;b>0).

a+b)25a2+bzl
2

4. Phicomg phdp chimg minh bat dang thice

tab:‘é[

1) Phuong phép diing dinh nghia cia bat déng thic :
e Mudn chimg minh a < b, ta chimg minh a - b <0.
e Mudn chimg minh a > b, ta chimg minha-b > 0.
2) Phuong phép bi¢n déi twong duong :

A<B&o A <B A, <B,& ... C<D.
Néu bat dng thire cudi ding thi bat ding thite ddu ding.

3) Phuong phdp van dung tinh chat cia bét ding thirc va vin dung nhimg hing bit

ding thirc quen thudc :

Tir cdc bit ding thitc da biét ta dung céc tinh chat cia bat ding thirc d€ suy ra bil

ding thirc cin chimg minh,
4) Phuong phép phan chiing :

Mu6n chimg minh A < B, ta gia sir A 2 B réi suy ra mot diéu vo 1i (mau thudn véi
diéu da cho hoac da biét), tir d6 suy ra diéu gia su la sai, di¢u phai ching minh la

ding).
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B. M6t s6 vi du

Vi du 30. Cho a, b, ¢ > 0. Chitng minh rang
a+b+c2J;E+JE+JEE.

Giai

Cdch thit nhat -

Xéthieu H = (a + b + ¢) = (vab + Vbc + Jea)

 2a + 2b + 2¢ - 24ab - 2Vbe - 2Vac
g,

(Va - V) + (JE—— ) + (Ve - a) |

9

H

H =

H20vi (va - Vo)’ 20 (Vb - V&) 20; (Ve - va) 2 0.

Viya+b+c2 J56+\/E+\/a (dau "=" xayrakhia=b=c).

Cdch thit hai : (bién déi tuong duong)

Tacéa+b+c2\/z$+xfb_c+\/a
ea+b+c—+Jab—+Jbc —Jea =0

2a+2b+2c—2@—2&—2\/a
& 5 20

2 2

(Va = Vo) + (Vo = V) + (Ve - Va)

=
2

(ddu "=" xay rakhia=b =c¢).
Bt déing thic cudi ding nén bat déng thic di cho ding.
Cdch thit ba : (Dung cdc tinh chat ctia bat déing thic)
Vi a, b, ¢ 2 0 nén theo bat ding thiic Co-si ta c6 :

a+b22~/§3—
b+ ¢ > 2Jbe

c+a22\/a.

2
20
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Cong timg vé& ba bat ding thirc trén ta dugc :

2(a+b+c)22(\fa—b+\/§+\/g).

Suyraa+b+c2 Jab + Jbe + Jea (ddu "=" xay rakhia=b=c).
Cdch thir tie : (Phan chimg)

Giz’asira+b+c<\/z$+\fb_c+ﬁ.
Suyraa+b+c—\/a_b—-JE-JE<0

2a + 2b + 2a - 2v/ab — 2vbe - 2Vac
= 5 <0

2 2 2
(Va = VB)' + (b = v&)} + (+& - ¥a)
< 2
2 2 2
Picu nay vo 1ivi (Va = vb)" + (Vb - e + (Ve - V&) 20
Vay diéu gia sir 12 sai, suy ra bat déng thic da cho la ding.
Vidu 31. Cho a, b, c la ba s6 duong. Chimg minh ring

—J;—+ JE + JE > 1
Va+db Jo+de Je+a

Giai. Vi a, b, ¢ duong nén Va +Jb + Ve > a + b

< 1)

1 1
Suyra\/;+sf|;+\/€<\/:;+£‘

5 s
Do d6 — = (Vi 0).
0 J;+ b+JE<J5+JE(VIJ;>)

Tuong trta ¢ : JE = < Vb - Je c—\-@—-—
' Va+db+de b+ Va+rvo+de Je+va

Cong timg vé ba bat dang thic trén ta duoc :

J5+JE+_J_5< Ja . JE_+ Je
Va+vb+de Va+db b+ Je++a




Suyra——J;——+i+—£—>l
Va+vb Jb+ve VJe+val

Vi du 32. Cho a > 0, b > 0. Chimg minh rang

a b} -
‘Jg"*ﬁ“r Jb.

Gir.":'.,Tacéi +LJ_> \/; +JE

Vo Va
—3 ] a+b\/EzJE(\E+JE) (VIJEE:-O)

a(JE+JE)(a—Ja_b+b);:~/a_b(JE+JE)
Qa—@+b2@

<:>a—2\/5+b20

o (Va - JE)2 > 0 (d4u "=" xay ra khi a = b).

Bat ding thitc cu6i diing nén bat dang thic da cho la ding.
Vi du 33. Cho x, y > 0 thoa man diéu kién x + y = 2.
Chimg minh ring x’y’(x* +y?) < 2.

Giai. Vix,y>0nén x + y 2 2Jx_y‘ (bat ding thirc Co-si).

Suy ra 2 22\/;)7 (vix+y=2)hay 0 < \/E 1.
Do d6 0 < xy < 1, dan t6i x%y® < xy.
Xét vé trai xzyztxz +y3) < xy[(x +y)* - 2xy]
= Xy(4 — 2xy) (do x + y = 2).
= -2x%y? + 4xy
= -2(x’y* = 2xy + 1 = 1)
= -2(xy - I)2+2 <2
X =

Dau "=" xay ra khi{ Y ox=y=L
xy =1



C. Bai tap
45. Cho x 20, chimg minh ring :

a)J;Z,/x-l-l-l; b)x+5 i

X+ 4

:

46. Choa, b, ¢ 20, chimg minh ring :
a) (a+ b)(b+c)(c+a)=8abc;

a 2b + 3¢
+ >
2b + 3¢ 4a

47. Chimg minh ring :

ﬁ+f+\/§ Jﬁ:»unsf

+ ..
I 3 200
48. Chimg minh ring :

b) L.

> 4,

| | | |
S P PO i el g

49. Choaz21,b2 1, chimg minh ring :

a,/b—l+b a-1<5ab.

50. Choa, b, ¢ >0 thoa min diéu ki¢n a > ¢ ; b > ¢. Ching minh ring

../c{a -C) + ,/c(b -¢) < Ja_b

51.  Giai phuong trinh

\/(xz—2x+5)(x2—4x+7}=x2—3x+6. (1

Chuyén dé 7
GIAI BAT PHUONG TRINH

A. Kién thirc can nhé

1. Bat phuong trinh 4n x ¢6 dang A(x) < B(x) ; A(x) > B(x) : A(x) < B(x) :
A(x) 2 B(x) trong d6 A(x) va B(x) la hai biéu thirc clia ciing bién x.
2. Hai quy téc bién d6i bat phuong trinh
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a) Quy tic chuyén vé.

b) Quy tac nhan véi mot s6 :

Khi nhan hai v& cia mot bit phuong trinh véi cing mét s6 khic 0 ta phai :

— Gir nguyén chiéu cua bat ding thiic néu s6 d6 duong ;

— D3éi chiéu ctia bat ding thiic néu s6 dé am.

3. Bit phuong trinh bac nhit mot dn 12 bat phuong trinh ¢6 dang ax + b < 0 (diu
"<" ¢6 thé thay bai dau > ; < ; ), trong d6 x 12 4n, a, b 12 cdc s6 di cho, a # 0.

Bt phuong trinh ax + b < 0 (a # 0) ¢6 nghiém duy nhit :

1
X<—-——néua>0:
a

B
X>-—néua<(.
a

4. Cic truong hop dac biét

e(x <m (1);

— Néu m < 0 thi (1) vo nghiém ;

— Néu m > 0 thi (1) ¢6 nghiém tay y.

e(x>m )z

— Néu m <0 thi (2) ¢6 nghiém tay y ;

— Né&um 2 0 thi (2) vo nghiém.

5. Bat phuong trinh dua dugce vé dang ax + b < 0 (hoic ax + b > 0)
e Bat phuong trinh dang tich :

Néu bat phuong trinh thu gon duge vé dang A(x).B(x) < 0 hoac A(x).B(x) > 0
thi lic dé6 :

(A(x) >0 : B(x) <0

[A(x) <0 B(x) > 0.

[A(x) > 0:B(x) >0

| A(x) < 0; B(x) < 0.

A(x).B(x) <0 <>

Ax).Bx)>0 &

e Bit phuong trinh chita 4n & miu
- Tim BKXD ;
— Chuyén t4t ca cdc hang tlr sang mot vé, vé kia las6 0 ;
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MX) < 0 hoac il
B(x) " B(x)

— Thu gon vé dang > 0.

Khi do6 :

A(x) [A(x) >0;B(x) <0
)
B(x) LA(x) < 0; B(x) > 0.

A(x) [A(x) >0:B(x)>0
> &=
B(x) |A(x) < 0; B(x) <0.

6. Giai bat phuong trinh chifa 4n trong dau gid tri tuyét doi
Phuong phép chung 12 xét ddu cua biéu thic trong dau gid tri tuyét d6i dé khir ddu
gid tri tuyét doi.
Mot s6 dang dac biét :
g(x)>0
—g(x)<f(x)<g(x)
f(x) > g(x)
f(x) < — g(x).
Dang 3 : [f(x)| < |g(x)] <> [f(x)]* < [g(x)]?
FG)] > (0] <> [f0))* > [g(x)).

Dang 1 : |f(x)| < g(x) < {

Dang 2 : |f(x)| > g(x) < |:

B. Mot sé vi du
Vi du 34. Giai bat phuong trinh
mx +5 x-1
+
12 4

> 2. (1)
Giai
(HDemx+5+3(x-1)>24

<> (m+ 3)x >22.

22
m +

22

m+ 3

e Néum>-3thi x >

e Neum< -3 thi x <

e Néu m = -3 ta c6 0.x > 22, bat phuong trinh v6 nghiém.
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Vi du 35. Giai bat phuong trinh
2% x—-3
- >
x+1 x-=1

Giai. DKXD : x #+ 1. Khi d6
2x _x—3
x+1 x-=1

1.

(1) < -1>0

c}2x(x—l)—(x—3)(x+l)—(x2-l)

>0
2 |1

4
xz—l
oSx2-1>04>0)

S xI> 1 x> 1

2iif)

—~

X =1
= (théa man DK).
Xx <-1

Vi du 36. Giai bit phuong trinh

1)x2-3x >X -2,
Giai. DPKXD : x(x - 3) 20 < x <0 hoac x 2 3.
e VGi x <0 thi m;"OCbnx-2<0

nén x <0 la nghiém cua (1).

e VGi x 2 3 thi ca hai v& déu khong 4m. Binh phuong hai vé ta dugc :

x2-3x>x’-4x +4
<> X > 4 (thudc khoang dang xét).
Viy nghiém cua (1) 1a x <0 hoac x > 4.
Vi du 37. Giai bat phuong trinh
|x2+5x —3|<x2+7x— 11.

Giai

{x2+5x-3<x2+7x-—ll (*)
() <=

x2 +5x=-3>-(x2+ M -11) (*®

COTOAN10 4A

(1)

(1)

(1
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e Giai bat phuong trinh (*) ta dugc

MNe2x>8§ox>4.

e Giai bt phuong trinh (**) ta duoc

(**) > x> +6x-7>0
SEX-Dx+7)>0

[x -1>0vax+7>0

(x-1<0vax+7<0

=

<~

[(x >1vax>-7 x> 1
>
_x<lvi‘1x<—7 X < —17.

Nghiém ctia bat phuong trinh (1) phai thoa man ca (¥*) va (**) nén nghiém cua (1)
lax>4.

C. Bai tap
52. Tim x € Z thoa man ca hai bat phuong trinh :

x+2_3{x—4)<3
5 4
4x +2 1lx + 3
+ <
7 12
53. Giai bat phuong trinh :
(m+l)x_3x+2>10m—-6

(1)

5 (2).

(m la tham s6). (1)

2 5 10
54. Cho bat phuong trinh :
2mx — 19 > x (m la tham s0). (1)

a) Giai bt phuong trinh khi m = /5.

b) Tim cdc gid tri cia m dé bdt phuong trinh nhan moi gid tri x > 1 1a
nghiém.

55. Tim cdc gid tri cha x dé cdc biéu thirc sau c¢6 nghia :

a)A=~J25—x2: b)B=«Jx2—9;
a::)(?=1\.f25—J-;2 +\Ix2 - 9.
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56. Giai cac bt phuong trinh :

a)6x+|<2: b)4x+5£]‘
3x -1 X -4
57. Giai cdc bat phuong trinh :
a)|8x-5/<3; b)5x +7|<3x-1;
c)2x-5|>x-1; d) [x -4]>2x + 1].

58. Giai cdc bt phuong trinh :
a) JTx — 5 < 4; b) V25x% — 20x + 4 >4x + 1 ;

c) \fxz + 6x > zJﬁ.

Chuyén dé 8
TIM GIA TRI NHO NHAT, GIA TRI LON NHAT
CUA BIEU THUC

A. Kién thirc cdn nhé

1. Dinh nghia :

Cho biéu thire f(x)

a) Néu véi moi x thoa man DKXD cua f(x) ma :

o f(x) <m (m la hing s6)

e Tén tai x = x; sao cho f(x,) = m

thi ta néi m la gid tri lén nhat (GTLN) cia biéu thire f(x) va ki hiéu 12 max f=m.
b) Néu véi moi x thoa man DKXD cia f(x) ma :

e f(x) 2 m (m la hing s6)

* Tén tai x = x;, sao cho f(xy) =m

thi ta néi m la gid wri nho nhar (GTNN) cia f(x) va ki hiéu 1a min f = m.

Chit y : Khdi niém gid tri 16n nhat, gid tri nho nhat cha biéu thitc chira mot bién
ciing dugc mo rong cho biéu thitc chira nhiéu bién.

2. Cdch tim GTLN, GTNN ciia mot biéu thire

a) D€ tim gi4 tri 16n nhat cia biéu thic f(x) ta cén
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— Chimg minh f(x) £ m véi moi x, déng thdi chi rd didu "=" xay ra khi va chi khi
ndo, ching han tai x = x,,.

— Két ludn : max f = m khi va chi khi x = x,,

b) D¢ tim gid tri nho nhat cha biéu thie f(x) ta cén :

~ Chitng minh f(x) 2 m véi moi x, déng thoi chi rd ddu "=" xay ra khi va chi khi
ndo, ching han tai x = x,.

- Két ludn : min f = m khi va chi khi x = x,,.

3. Cdach tim hang sé'm

a) Dua vao cac nhin xét sau :

o A2> 0, dau "="xdy ra <> A = 0.

e A2+ m2m, ddu "=" xdy ra<> A =0,

e -A’4+m<m,ddu"="xdyra<> A =0,

e Vi a va b cung ddu thi -al:; + 2 2 2,(ddu"="xdyras>a=Db).
a

e Vi a va b khdc ddu thi % + 2 <2, (dfu"="xdy ra & a=-b).
|

b) Tir bt ding thirc Co-si: a + b 2 24/ab ta suy ra:
* Vi hai s6 duong a va b, néu tich ab khong ddéi, ab = k (k 12 hiing s6 duong) thi
min(a + b) = 2Vk (khi va chi khi a = b).

* Vi hai s6 duong a va b, n€u t8ng a + b khong déi, a + b = k (k la hing s0) thi :

2
max (a.b) = kT (khi va chi khia =Db).

¢) Doi vai tam thire bic hai hodc phan thitc ¢6 mu va tir ¢6 bac khong qud hai, ta
¢6 thé dung phuong phdp mién gid tri cia ham s6. D€ tim duge mién gid tri nay ta
sir dung diéu kién c6 nghi¢m ctiia phuong trinh bac hai 1a A 2 0 (xem vi du 38).
4.Chit y : Néu A > 0 thi

A 16n nhat & % nho nhat ;

A nho nhit < % I6n nhat.
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B. Mot sd vi du
Vi du 38. Tim gia tri nho nhat cha biéu thitc
P = 5x% - 20x + 30.

Giai
Cdch 1. Van dung tinh chét A% > 0.
Tac6é P=5(x* - 4x + 6)

=5(x‘-4x+4+2)

= 5(x —2)* + 10 > 10. Ding thiic xay ra khi va chi khi x = 2.
Viy min P= 10 khi x = 2.
Cdch 2 : Van dung diéu kién c6 nghiém cla phuong trinh bac hai la A 2 0.
Biéu thitc P nhan gi4 tri thuc khi va chi khi phuong trinh sau phai ¢6 nghiém :
5x2-20x +30=P (1)
(1) <> 5x*-20x +30-P=0 (2)
Xét A'= 100 - 5(30 - P) = 5P - 50
(2) co6nghitm <= A'20=5P-5020< P2 10.

Do d6 min P = 10 khi va chi khi phuong trinh c6 nghi¢m kép x = = =2
a

Vi du 39. Tim gia tri nho nhat cia biéu thic

X + 4fx + 20

2(vx +2)

=

Gidi. DPKXD : x > 0.
x+4\f;+20 _x+4J;+4+16

Tacoé Q = =
2(Jx +2) 2(Vx +2)
Q_{J;+2)2+16_J;+2+ 8
2(Vx +2) 2 Vx + 2
Ap dung bit ding thiic Co-si v6i hai s6 duong Vx +2 LB dugce
2 Jx +2
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sz\/‘/;+2 R o B S

2 J; + 2

Vx+2 8
2 Jx+2
Vi du 40. Trong cdc hinh chir nhat ¢6 cing chu vi la 100 m, hinh chir nhat nao ¢6
dién tich 1én nhat ? Tinh dién tich 16n nhat dé.
Giai. Goi a va b 1a hai kich thudce cia hinh chir nhat.

Tacéa+b=>50.
Theo bit ding thic Co-si ta ¢6

Jﬁg“;":%ﬂs.

Vay min Q = 4 Kkhi va chi khi o x=4.

Suy ra ab < 625.
Do d6 max (ab) = 625 khi va chi khi a = b, nghia la hinh chir nhat d6 la hinh
vuong.
Vay dién tich 16n nhdt cta hinh chit nhat 1a § = 625 m?, khi va chi khi hinh chi
nhat d6 1a hinh vuong.
Vi du 41. Tim gid tri I6n nhét cta biéu thirc

15

A= —_—,
\fx—%/;-t-l(}

Giai. DK : x 2 0.
15

Tach A = >0
;}d’ -2 +9

Suy ra A 16n nhit <> \/(J; - 1)? + 9 nho nht

& (v/x = 1)? nho nhat

& VX =1 =0 < x =1 (thoa min DK).

Lic d6 max A =£ = S khivachikhix= 1.

V9

Vi du 42. Tim gi4 tri nho nhét cua biéu thic
A=|x-2|+|x-35|.
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Gidi. Tac6A=|x =2+ |x = 5| =[x =2| + |5 = x|.

Ap dung bit ding thitc [a] + [b] > [a + b] ta dugc

AZ2|x=-2+5-x|=|3]=3.

Diu"="xdayrac (x-2)(5-x)20 & 2<x<5.

Vay min A =3 khi vichi khi2 < x < 5.

Vidu 43. Cho x + y + z = 6, tim gid tri nho nhat cta biéu thic

B=x2+y2+zz.

Gidi. Taditx=2+a;:y=2+b;z=2+c

Suyrax+y+z=6+a+b+c.

Mitkhicx+y+z=6néna+b+c=0.

Tac<5B=xz+y2+z:2=(2+a:u2+[2+!:;)l-i-('2+r.:}2
=12+4(a+b+c)+(a’+b’>+cd)
=12+(az+b2+c2)(via+b+c=0)

Dod6 B2 12 (via’+ b’ +¢>20)

ViyminB=12khivachikhia=b=c=0hayx=y=2z=2,

Nhan xét : Néu x + y + z =k thi ta dat bién méi la a, b, ¢ sao cho

k k

k
X=—+a,y=—+b;z=—+c
3 3 3

Vidu 44. Cho x 2 2. Tim gid tri nho nhat cta biéu thitc P = x + —l—
X

Gidi

Cdch gidi dan dén bé'tac :

Tacész-i-llz?Jx.l =0 Jf =72
X X

v (1] (1] ¥ l
Diu"="xayra @ x=— < x = 1.
X

Gid tri x = 1 khong thoa man diéu ki¢n x = 2.
Cdach giai diing -
% 1 3x x 1

Tac6P=x+al—= —+=|+— 22 —.—+3—X.SU}’I'8
x . R 4 4 x 4
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-+—£ (vix 2 2).

~

v

!\.}
h

P21+

4
5
2

M| W

]

|
Diu "=" xdy ra < x &ox=2 (thoa man).
2

* x>

Viy minP = % khi va chi khi x = 2,

C. Bai tap
59. Tim gid tri I6n nhat cua cédc biéu thirc
A)A=-3x>-6x+2:
23

b) B=— :
4x° - 5x + 3

c)C =- x—\/;-f%.

60. Tim gid tri I6n nhat cta biéu thic
_3x + Jx + 6

A= \/= :
X
61. Tim cdp sO (x ; y) théa midn phuong trinh sau sao cho y dat gid tri nho nhat
2x2 - 12x -y + 19 =0. (1
62. Tim gid tri nho nhat va gid tri 16n nhét cua biéu thiic
2x
-2 4+4
63. Cho hai b0 s6 (a, b) va (m, n) trong d6 a, b, m, n khéic 0.
a) Chimg minh ring (am + bn)2 < (a2 + bz}l(m2 + nz).

P =

b) Ap dung : Cho céc s6 duong x va y thdoa min diéu kién x + 2\/; =5
Tim gid tri nho nhét cua bidu thic S=x +y.
64. Tim gid tri 16n nhat cha biéu thic : A = |x + 3| = |x — 4.
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65.

66.

67.

68.

69.

Tim gia tri nho nhit cia biéu thic

Bsi® £ % wa véi x > 0.

%
Cho x 2 4, tim gid tri nho nhat cta biéu thirc
1

C=x 4+ :
X + 1

Cho cic s6 duong x, y, z théa min x +y + z = a.

Xy yz @ zx

Tim gid tri nho nhét chaténg S = —= + == + —.

z X y
2

Cho biéu thic A = Eta trong d6 x, y > 0 thoa mdn x 2 3y. Tim min A.

Xy

Cho biéu thitc B = 3x* — x + %x + % trong d6 x > 0.

Tim gid tri nho nhét cta B.

Chuyén dé 9

GIAI TOAN CO NOI DUNG SO HOC

A. Kién thirc cdn nhé
I. Phép chia hét va phép chia c6 du

1. Dinh nghia
Choa,b,qe Z,bz0

a:b < a=bg;

albeoa=bg+rtrongdé0<r<ib,reZ.

2. Tinh chdt chia hét

Choa,b,x,yymeZ

Da:b;b:m=a'm

2)a:xy=>aixvia:y

Na:ix:b:y=abixy
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4Ha:m;b:m=(ax £ by):m

Pac biét,néu (a = b) im vaa:m thi b:m.

SYalm:b:m=>@xb)!m

6)ab:m ma(a:m)=1thib:m.

TYa:xvaa:yma(x;y)=1thia:xy

8) Néu a va b chia cho m ¢6 cung s6 du thi hiéu a — b chia hét cho m.
Nhan xét
e Trong n s6 nguyén lién ti€p ludn ¢6 mot va chi mot s6 chia hét cho n.
e Tich cia n s6 nguyén lién ti€p chia hét cho n.

I1. S6 chinh phuong

1. Dinh nghia

S6 chinh phuong 1a s6 bang binh phuong ciia mot s6 nguyén.

Vi du s6 81 12 mot s6 chinh phuong, vi 81 = 9%

2. Tinh chdt cua sé chinh phuong

1) S chinh phuong khong ¢6 tan cung bing céc chirs62;3:7; 8.

2) S6 chinh phuong chia cho 3, chia cho 4 chi ¢6 thé du 0 hoac 1 ; chia cho 5 du 0,
du 1 hoac du 4.

3) S& chinh phuong 1é chia cho 4, chia cho 8 déu du 1.
Vi du : s6 25 12 s6 chinh phuong €.

25 chia cho 4 dugc thuong la6 du 1 ;

25 chia cho 8 dugc thuong la 3 du 1.
III. Nguyén li Di-rich-lé

1. Néu nhét n + 1 con thd vao n cdi 16ng (n € N°) thi it nhét ciing c6 mot 16ng

nhat tir hai con tho tro 1én.

Tong qudt : Néu nhét a con thd vao b cdi 16ng ma a = b.q +r (0 <r <b) thi it nhat
ciing ¢c6 mot 16ng nhot tir q + 1 con tho trg lén.

Vi du : Tir ding thitc 13 = 3.4 + 1 suy ra néu nhot 13 con tho vao 3 cdi 16ng thi it
nhét ciing ¢c6 mot cdi 16ng nhét tir 5 con tho trd 1én.

2. Ap dung vao chia hét : Trong n + 1 s6 tu nhién bao gi¥ ciing ¢6 thé chon ra hai

s6 ma hiéu cua ching chia hét chon (n € N).
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B. M6t s6 vi du

Vi du 45. Cho hai s6 tu nhién, mdi s6 ¢6 3 chir s6, khi chia cho 7 thi ¢6 cing moét
s6 du. Viét hai s6 tu nhién dé lién nhau thi dugec mot s6 ¢6 6 chir s6. Chimg minh
rang s6 ¢4 6 chir s6 nay chia hét cho 7.

Gidi. Goi hai s6 tu nhién ¢6 ba chir s6 d6 1a abc va mnp. Vi cdc s6 nay chia cho 7
¢6 cung mot s6 du nén :

a—b_c=7k+r:rnnp=71+r.

Ta cé abemnp = 1000abc + m

=1000(7k + )+ 7] +r
= 7(1000k + /) + 1001r.

Vi7:7;1001:7 nén abcmnp : 7.
Vi du 46. Ching minh rang vdi moi n € N thi :
a)9" +11740:

b)n’> +n+21709.
Giai
a)Tac69"+1=8+1)" +1=B@B)+1"+1 =B@B)+2174
Suy ra 9" + 1/ 40.
b) Xét cic trudng hop s6 du cia n khi chia cho 3 :
eNéun=3kthin+n+2=9k? + 3k + 2 1 3.
eNéun=3k+lthin+n+2 =k + 1)+ 3k + 1) +2
= 9k* + 9k + 4 13.
eNéun=3k+2thin+n+2=03k+2°+(3k+2)+2 ,
= 9k* + 15k + 8 13.
Vayn2+n+2335uyran2 +n+2109.
Luu y : Trong cdch giai cia cau a, ta da dung tinh chit sau :
(a+b)"=B(a) + b" = B(b) + a".

Vidud7.Timn e Zsaocho n? +1:(n + I).
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Gidi. Tac6n’+1=n*=1+2=(n-1n+1)+2.

Dodén® +1:(m+1)e2:(n+1).

Vayn+1 e UQ)={1;-1;2;=2).
n+ 1 l = | 2 o
n 0 -? 1 -3

Dodéne {-3:-2:0:1}.
Vi du 48. Chiing minh ring tich cia bon s6 nguyén lién ti€p cong vai 1 luon la
mot s chinh phuong.
Giai. Goi bon s6 nguyén lién tiép ldn lugt lan,n+ 1, n + 2, van + 3.
Taconin+ DNn+2)(n+3)+ 1= (ru2 + 3n}(n3 +3n+2)+ |
=(n2+ Z’m,‘.2 + 2{n2 +3n) + | ={n2 + 3n + ”2_
RO rang (n” + 3n + 1)? 12 mot s6 chinh phuong.
Vi du 49. Chimg minh ring t6ng cdc binh phuong ctia 6 s6 nguyén lién ti€p khong
thé 1a s6 chinh phuong.
Giai
Goi 6 56 nguyén lién tiép 14n luot 13
a-3,a-2,a-1l,a,a+1lvaa+2,
TacéS=(a—3)2+(:|-2)2+(a— l)2+a2+(a+ |)2+{a+2)2
S = 6a’ - 6a + 19=6a(a~-1)+ 16+ 3.
Vi a(a — 1) la tich cha hai s6 nguyén lién ti€p nén chia hét cho 2, do d6 6a(a - 1)
chia hét cho 4. Hién nhién 16 chia hét cho 4.
Suy ra S chia cho 4 du 3.
Do d6 S khong 1a s6 chinh phuong, vi s6 chinh phuong chia cho 4 chi ¢6 thé du 0
hoac 1.
Vi du 50. Cho ba s6 nguyén a, b, ¢. Chimg minh rang tich P = (a — b)(b - ¢)(c — a)
la mot s6 chin.
Giai
Chia ba s6 nguyén cho 2 thi it nhat ciling c6 hai trong ba s6 dé c6 cung s6 du. Hiéu

cua hai s6 nay chia hét cho 2. Hiéu nay la a = b hodc b — c hoac ¢ = a. Do d6 P la
mot s6 chin.
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C. Bai tap

70.

71.
72.

13,

74.

L

76.
7 8

78.

79.

80.

Cho mot s6 ¢6 ba chir s6 trong d6 chir s6 hang tram va chir s6 hang chuc déu
la s6 1¢. Ching minh ring hiéu cla s6 c6 ba chir s6 nay véi s6 dé viét theo
thir tr nguge lai thi chia hét cho 198.

Chimg minh ring 17 +3* + 5 + ... +19° 1 20

Cho cic s6 nguyén a,, a,, .... ag va b,, b,, ..., bs ciing la cdc s6 nguyén do
nhung lay theo thir tu khic.

Chimg minh ring tich (a; — b;)(@, — b,)...(as = bs) : 2.

Cho biéu thiic P = (a + b)(b + ¢)(c + a) — abc. Chiing minh rang :

a) C6 thé biéu dién P dudi dang (a + b + ¢)(ab + bc + ca) — 2abc.
b)Néua+b+c:4thiP:4

Chimg minh rang tich ciia mot s6 chinh phuong véi s6 tu nhién dimg lién
trude nd thi chia hét cho 12.

Chimng minh ring cdc s6 sau la s chinh phuong :

ayM= 11..1 +44..4 +1.

— e
2n chir s0 n chir s0

b) 1Ll 1l..1%8%l.

Ny gt et
nch s6 n chir sé

Tim s6 chinh phuong abcd biét ab — od = 4.

Tim s6 chinh phuong ¢6 bon chir s6, hai chir s6 ddu giong nhau, hai chir s6
cudi giong nhau.

Chimg minh ring véi moi s6 tu nhién n thi (n!)* + 7 khong thé 1a s6 chinh
phuong.

Cho day s6 7, 72, 7%, ..., 7'®' (1)

Chimg minh trong day nay cé mot s6 c6 tn cung 1a 001.

Chimg minh ring trong 32 s6 nguyén bat ki luon tim dugc hai s6 c6 tong
hoéc hiéu chia hét cho 60.

61



Puan va. CAC CHUYEN DE HINH HOC

Chuyén deé 10
CHUNG MINH CAC HE THUC HINH HOC

A. Kién thirc can nhé

1.

62

Chitng minh tong (hodc hiéu) hai doan thang bang moét doan thang thit ba.

Ban ¢6 thé:

- Chia doan thang 16n nhét thanh hai phén, sao cho mot phin bang doan

thang thit nhat va chimg minh phan con lai bing doan thang thi hai.

- Dung téng ctia hai doan thing cho trudc réi chimg minh tong nay bing

doan thing thi ba.

Chimg minh téng (hodc hiéu) hai géc bdng géc thit ba:

- Ta ¢6 thé 1am tuong tu nhu chimg minh téng (hodc hiéu) hai doan thing

bing doan thang thit ba.

- Ding dinh If vé g6c noéi tiép: Géc noi tiép (nho hon hoac bing 90”) ¢6 s6

do bing nira s6 do ctia goc & tdm cung chin mot cung.

Chitng minh hai hé thicc hinh hoc bang nhau:

a) Dung dinh Ii Ta-lét: Néu mot dudng thing song song v6i mot canh cua
tam gidc va cat hai canh con lai thi tao ra nhimg cap doan thing tuong
ing i 1¢.

b) Hai tam gidc dong dang thi cdc cap canh tuong Umg ti 1€, cic cap géc
tuong g bang nhau.

¢) Dung h¢ thirc luong trong tam gidc vudng.

d) Dang tinh char: Pudng tron (O) va mot diém M ¢6 dinh khong ndm trén
dudng tron. Qua M ké hai dudng thing. Dudng thing thit nhat cit (O) tai
A va B. Duong thang thi hai cét (O) tai C va D.

Ta c6 MA.MB = MC.MD.

e) Duang tinh chatr: Néu tir mot diém M & ngoai dudng tron, vé tiép tuyén

MT va cdt tuyén MAB thi MT> = MA.MB.



B. Mot so vi du

Vi du 1. Cho tam gidc déu ABC noi ti€p dudng tron (O). Lay diém M bat ki trén

cung nho BC. Chimg minh raing MB + MC = MA.
Phan tich tim loi giai. Dé chimg minh AM = BM + CM, I€ tr nhién ching
ta ¢6 hai y tuong: thit nhét, tich AM thanh hai doan, doan thi nhat bang BM
va chimg minh doan thir hai bing CM; thif hai, ¢6 thé dung mot doan thing
bing BM + CM réi chimg minh doan thing dé bing AM. That vay, ta ¢6 1o

giai sau: "
Giai
Cdch 1 (h.1). Trén tia MA ldy diém D sao cho

MD = MB.
ABMD ¢6 MD = MB, BMD =BCA =60" D

(gbc noi tiép cung chan AB) = ABMD déu 2

——— B \3 L
= BD = BM ; MBD = 60°. \%

Xét AABD va ACBM c6 AB = BC; M
qu; =§; (= 600-6‘;};BD=BM Hinh 1
nén AABD = ACBM (c.g.c) = AD=MC.

Viy MB + MC =MD + AD = MA.

Cdch 2 (h.2). Trén tia d6i cua tia MB, lay
diém E sao cho ME = MC.

Tt gidc ABMC noi tiép c6 BAC = 60° nén
BMC =120° = CME = 60"

= ACME déu = CM = CE; C, =60°.

Xét AACM va ABCE c6 AC = BC,

ACM =BCE (=60°+C,). CM = CE nen

AACM = ABCE (c.g.c) Hinh 2
= AM = BE = BM +ME hay AM = BM + MC.

Vi du 2. Cho tam giac ABC c6 ba géc nhon, truc tam H. Nguoi ta dung hinh binh
hanh BHCD va goi I 1a giao diém hai dudng chéo ctia hinh binh hanh dé.

a) Chimg minh tt gidc ABDC noi tiép duoc.
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b) So sdnh g6c BAH va OAC (O la tam dudng tron ngoai ti€p tam gidc ABC).

¢) Goi G la giao diém ctia Al va OH. Chimg minh rang G la trong tdm cta tam
giac ABC.

d) Tim diéu kién rang budc giira cic géc B va C dé OH song song vaéi BC.

Giai (h.3)

a) Tac6é BAC + BDC = BAC+ BHC = 180°
nén i gidc ABDC noi tiép dugc.

b) Tam gidc OAC can tai O nén

— nmﬂ —— e
ohc =13 2AOC =90" - ABC =BAH.

Nhdn xét. Ban c6 thé chimg minh
AA'BA v ACDA.

c) Do DB // CH nén DB L AB, suy ra D doi Hinh 3
ximg véi A qua O.

Xét tam gidc DAH ¢6 Ol // AH (clng vuodng géc véi BC) va OA = OD nén OI la

duong trung binh. Suy ra Ol = % AH. Ap dung dinh Ii Ta-lét ta c6:

IG Ol _
GA AH
Vay G la trong tdm cua tam gidc ABC.
d) Goi A’ 1a giao diém cia AH va BC. Ta ¢6 OH // BC va OIA'H la hinh chir nhat

1
>

nén HA'= Ol < HA'= %HA < HA'= %AA'

HA' BA'

—
—_—
p—

. 1 o ot BHA cot ABC sie
BA' AA' 3 3

—— i

<> cot C.cot B=— (BHA'=C vi cung phu véi HBC ).

.
3
Nhdn xét. Thuc chat cau d) 1a cho HA'= %AA', nén dé tim mai quan hé

giita goc B va géc C ma biét ti s6 cha hai doan thing nhat thiét phai dung ti
sO luong gidc. Tir cdch gidi trén ban c6 thé giai duge cdu tong quét sau: Tim
diéu kién rang budc giita cdc géc B vd Cd€ AA' = m.HA' (véi m > 1).



Vi du 3. Cho dudmg tron tam O bin kinh R va mot diém A ¢ ngoai dudng tron. Tir

mot diém M chuyén dong trén dudmg thing d vuong géc vai OA tai A, vé cdc tiép

tuyén MI, MJ véGi duong tron (I, J 1a cdc tiép diém). Day 1J cit OM tai N va cit

OA tai B.

a) Chimg minh OA.OB=0M.ON =

b) Goi C la tam duong tron noi tiép tam gidc MIJ. Ching minh C thudc nura
duong tron ¢6 dinh.

¢) Cho géc MIJ biang «. Chimg minh dién tich ur gidac MIOJ bing R’.tanc.

Giai (h.4)

a) MI, MJ la ti€p tuyén nén MI = MJ va MO 1a

dudong phan gidc cua IMJ] = MO ciing la

dudng cao trong tam giic MIJ = MO L 1J

AONB vi AOAM ¢6 ONB=O0AM (=90”).

MOA chung = AONB v» AOAM (g.g)
ON OB

— =——=> OA.OB = ON.OM. I i

OA OM ) (1) Hinh 4
AOIM ¢6 OIM =90%;IN L OM nén OFF = OM.ON (h¢ thic luong trong tam gidc
vuong). (2)

Tir (1) va (2) ta c6 OM.ON = OA.OB = R”.

b) Goi C' 1a giao diém cua doan thing OM véi dudng tron (O) ta ¢6 OM la dudng
phéan gidc cua [0J nén IC'=]C" tir dé suy ra MIC' = JIC' hay IC' la duong phan
gidc cua MIJ . Mait khic MC' la dudng phin gidc cua IMJ = C 12 1am dudng tron
ndi ti€p AMIJ = C' = C. Vay C thudc nira dudmg tron tam O ¢6 dinh.

¢) Tacé MIJ = [OM = IOM =« .

AIOM vuong tai I nén IM = OLtan IOM = IM = R.tanc.
|
Td Cé S"bile - 2 S\"( ':;‘ 0] “I = 2 l R R tana = R tana .
Nhdn xét. D¢ chimg minh mot dang thitc tich cha cédc doan t'héng. ban ¢6 thé
gdn cho cdc doan thang iy vio mot cap tam gidc déng dang. Ki thuat dé

nhan ra cip tam gidc déng dang la chuyén dang thic tich vé dang ti s6. Khi
dé moéi tam gidc duogc xét s¢ ¢6 canh hoac 1a nim cliing mot vé, hoac cung
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nam & r thie hoac 1a ndm cing & méiu thie. Chang han OA.OB = ON.OM

ON OB e : :
¢> —— =—— khi d6 ban chimg minh dugc AONB v» AOAM hoic
OA OM

AONA ¢ AOBM. Tuy nhién ban nén chon cip tam gidc da 6.

Vi du 4. Cho tam gidac ABC nhon ndi tiép dudng tron (O; R) ¢6 cdc dudng cao
AD, BE, CF cat nhau tai H. Chimg minh rang:

a) BH.BE + CE.CA = BC’.

b) AH?+ BC?>=BH?+ AC’=CH?+ AB>.

¢) Pudng tron ngoai tiép cic tam gidgc ABH, ACH, BCH c¢6 bin kinh bang nhau.

Gidi (h.5)

a) A BDH va A BEC ¢6 BDH = BEC =90°

CBE chung nén ABDH v ABEC (g.g)

::B—”=EE:> BH.BE = BD.BC. (1)
BC BE

ACEB va ACDA ¢6 CDA = BEC =90°

BCA chung nén ACEB «»» ACDA (g.g)

:>E=E::>CE.AC=CD.BC. (2) Hinh 5
CD £

Tu(l)va(2)suyra:
BH.BE + CE.CA = BD.BC + CD.BC = (BD + CD).BC = BC".
b) Ké dudmg kinh AK = KC L AC = KC//BH;: KB L AB = KB//CH
=> BHCK la hinh binh hanh.
Goi M la giao diém cua HK va BC suy ra OM la duong trung binh cia A AHK
= AH=2.0M.
Do d6: AH? + BC? = 4.0M” + 4 MC* =4.0C* = 4.R".
Tuong tu nhu vy ta duge: BH? + AC? =4.R?; CH? + AB* = 4.R%.
Suy ra AH? + BC> = BH? + AC* = CH? + AB’.
c¢) Ta c6 A BHC = A CKB nén A BHC va ACKB c6 ban kinh dudng tron ngoai ti€p
bing nhau. Tir d6 suy ra ban kinh dudng tron ngoai ti€p A BHC bang R.
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Tuong tw AAHB, AAHC ciing ¢6 bdn kinh dudng tron ngoai tiép 12 R. Tir d6 suy ra
di¢u phai chimg minh.

Nhén xét. D& chimg minh BH.BE + CE.CA = BC?, ban ¢6 thé suy luan nhu
sau BH.BE + CE.CA = BC(x + y) v6i x + y = BC. Sau dé chimg minh
BH.BE = BC.x, CE.CA = BC.y bang cach chon cdc cap tam gidc dong dang.
Lwu y rang BH, BE, BC da la do dai cdc canh cua tam gidc vuong nén chon x
cing la do dai canh tam gidc vuong. tir dé ta c6 cdch chimg minh trén. Cich
lam trén ¢6 thé dp dung cho cdc cau chimg minh t6ng tich cdc cap doan
thang.

C. Bai tap

Cho tam giic nhon ABC noi ti€p dudmg tron (O). Tia phan gidc trong cia
g6c B cat dudmg tron tai D, tia phan gidc trong cta géc C cit dudng tron tai
E, hai tia phan gidc ndy cat nhau tai F. Goi I, K theo thi wr 1a gmo diém cua
ddy DE véi cdc canh AB, AC.

a) Ching minh cdc tam gidc EBF, ADF la cdc tam gidc can.

b) Chimng minh 1 gidc DKFC noi ti€p va FK song song véi AB.

¢) T gidc AIFK la hinh gi? Tai sao?

d) Tim diéu ki¢n cla tam gidc ABC dé 1 gidgc AEFD Ia hinh thoi, déng thoi
cO dién tich gap ba lan dién tich ur gidc AIFK.

Cho nira dudng tron tam O, dudng kinh AB. Trén nira mat phing bd AB chifa

nua dudng tron d6 ta ké tiép tuyén Ax va day AC bat ki. Tia phan gidc cua

g6c CAx cat nira dudng tron tai D, hai tia AD va BC cit nhau tai E. Tia BD

cat Ax tai F.

a) Chimg minh rang tam giic ABE can.

b) Goi K la giao diém ctia AC va BC. Chimg minh ring i gidgc AKEF 12
hinh thoi.

¢) Gia sir sin BAC =T_]Z- , chimg minh ring AK =2 KC.

Cho dudng tron (O) ¢6 mot day AB c6 dinh va diém M bit ki trén cung 16n
AB. Dung dudng tron (O,) qua M va tiép xic véi AB tai A, duong tron (0,)
qua M va ti¢p xiic v6i AB tai B. Goi N 1a giao diém thi hai cta hai duong
tron (O)) va (0,). Goi I, S ldn luot 1a giao diém cia tia MN véi AB va dudng
tron (O). Chirng minh ring :
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a) 1A =1B.

b) AMB + ANB = 180°.
¢) T gidc ANBS Ia hinh binh hanh.

Cho duong tron (O), trén d6 ¢6 diém A c6 dinh, Ké tia Ax 1 tiép tuyén cuia
dudmg tron. Lay diém M trén Ax, ké tiép tuyén MB véi duong tron (O). Goi
I 1a trung diém cia MA va K 1a giao diém thir hai cia BI véi duong tron (O).

“Tia MK cit dudmg tron (O) tai diém C (khdc diém K).

a) Chimg minh ring 1A% = IK.IB.

b) Ching minh ring tam gidc MIK déng dang vdi tam gidc BIM.

¢) Chimg minh BC song song vdi AM.

d) Xdc dinh vi tri ctia diém M trén tia Ax sao cho AK vuong géc vdéi MB.
Cho doan thing AD = a. Goi | 12 trung diém cia AD, ké tia Ix vuong goc vdi

AD. Mot dudmg tron (O) bét ki ban kinh R (R > %) tiép xiic véi AD tai A

cit Ix tai B va C (B ndm gitra | va C).

a) Chimng minh rang IC.IB khong déi khi dudmg tron thay déi.

b) Ching minh B Ia tryc tam cua tam gide ACD. C6 nhan xét gi vé trye tam
cuia tam gidc ABC khi dudmg tron (O) thay doi ?

¢) Goi D' la.diém d6i ximg cha D qua dudmg thang AC. Ching minh tr gidc
ABCD' noi tiép.

d) Gia su cos CAl =IE . Chitng minh ur gidc ADCD' Ia hinh thoi.

Tir mot diém A & ngoai dudmg tron (O) ké hai tiép tuyén AB, AC t6i duong
tron (B, C la cdc tiép diém). Dudng thing qua A cit dudmg tron (O) tai D va
E (D nam giita A va E). Goi H 12 trung diém cua DE, K 1a giao diém cua BC
vd AE. Chimg minh ring:

a) HA la tia phan gidc cua géc BHC.

b) AH.AK = AD.AE.

2 1 1
¢) = +—
AK AD AE
d) BD.CE = BE.CD.
1 1 2
c) +—= .
AE KE DE



Chuyén dé 11
CHUNG MINH TU GIAC NOI TIEP
VA NHIEU PIEM CUNG NAM TREN PUONG TRON

A. Kién thirc can nhéd

1. Tir gidac noi tiép

- T gidc ¢6 bon dinh nam trén mot dudng tron goi 13 uf gide ndi tiép dudng tron
(goi tat 12 uf gide noi ticp).

- T gidc ¢6 bon dinh cich déu mot diém 1a i gide noi tiép.

- T gidc 6 tong s6 do hai géc doi dién bang 180° 1a ni gidc noi tiép.

- T gidc ¢6 hai dinh ké nhau cuing nhin canh chia hai dinh con lai duéi mot géc
bang nhau 1a uf gidc noi tiép.

2. Chitng minh nhiéu diém cting nam trén mét dieomg tron

- Loi dung cdc tam gidc vuong c6 canh huyén chung.

- Chimg minh cdc dinh ciia mét da gidc ciing ndm trén mot dudng tron.

- Sirdung cung chita géc.

- Chimg minh cic tr gidc noi tiép.

B. M6t s6 vi du

Vi du 5. Cho duong tron tam O dudng kinh AD. K¢ hai day cung AC va DB cit
nhau tai diém E ndm trong dudng tron. Goi H 1 hinh chiéu vuong géc cia E
xudng AD va I la trung diém cta DE. Chimg minh ring:

a) Cdc ur giac ABEH, DCEH noi ti€p dugc.

b) E la tim dudng tron noi tiép tam gidc BCH.

¢) Nam diém B, C, I, O, H ciing nim trén mot dudng tron.

Giai (h.6)

a) ABD=90°, ACD=90° (géc noi tiép chin nira dudng tron dudng kinh AD).
EH L AD = EHA = EHD =90°.

Suy ra: ABD + EHA =180°, ma hai géc nay & vi tri d6i dién nén uf gidc ABEH
noi tiép.
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Ta ciing ¢c6 ACD+ EHD =180 ma hai géc nay
& vi tri doi dién nén tr gidc DCEH noi tiép.
b) Xét dudng tron (O) ta ¢é

CAD =CBD; ECB=EDA.

Mat khic: CAD=EBH (1 gidc ABEH noi

li€p), EDA = ECH (1t gidic DCEH noi tiép).

Tir d6 suy ra E%T—l o EEE; Iﬁ= EUH .

hay E la giao diém hai dudng phan gidc cla Hinh 6

ABCH. Vay E la tam duong tron néi ti¢p ABCH.

¢) T gidc ABEH noi ti€p nén ﬁﬁf_ — m - ]‘3#]-1‘6‘ = 2.[§KE‘.

Xét dudmg tron (0), ta ¢6 BOC =2.BAC => BHC = BOC ma H va O nim ciing

phia déi v6i BC, ciing nhin BC dudi mot gée bang nhau suy ra BCHO noi Lép. (1)

AECD vuong tai C ¢6 Cl la duong trung tuyén suy ra IC = ID = IE

— CIE = 2.CDE = CIB=COB ma I va O nam ciing phia véi BC cliing nhin BC

dudi mot gée bing nhau suy ra BCIO noi tiép. (2)

Tir (1) va (2) suy ra B, C, I, O. H ciing thuéc mot duong tron.
Nhén xét. D& chimg minh nam diém cung nam trén mot dudng tron, ban
nén chimg minh hai ti gidgc noi tiép. Chang han dé chimg minh B, C, 1, O, H
cung thudéc mot dudng tron, ta chimg minh BCHO, BCIO noi ti€p vi khi do
H va I sé ciing thuéc dudng tron ngoai ti€p cua tam gidc BCO.

Vi du 6. Cho ut gidgc ABCD noi tiép trong mot dudng tron (CD > AB). P 1a diém

chinh giita ciia cung AB (cung khong chira diém C, D). Hai day PC, PD lan luot

ciit day AB tai E va F. Cic day AD, PC kéo dai cit nhau tai 1. Cic day BC, PD kéo

dai cit nhau tai K. Chimg minh rang:

a) T gidc CDFE ndi ti€p duoc.

b) T gidac IKCD noi ti€p duoc.

c) IK song song véi AB.

Giai (h.7)

) il £ BEBES0AD, &5 sllAD sita+adhD

=

2 ' 2 2
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ma ﬁR:@:ﬁ:a.

Mat khac i: + E =180" nén i; +a =180" suy ra tir giac CDFE nai tiép duoc.

Nhan xét. Khi chimg minh tr gidc ndi tiép ' K
khong phai truong hop c¢é géc vudng, ban nén
ching minh mot géc trong cua uf gidc bang goéc
ngoai ké vai goc o dinh doi dién.

b) X¢t duong tron (O) c6:

sdPB =~ sdAP

:D1=
. 2

ma FA‘=F§:>5;=6‘;.

G, -

—

Xét tif gidge CDIK ¢6 C, =D, ma C, D 12 hai dinh li¢n
1i€p cung nhin IK dudi mot gée bang nhau nén ur gidc
CDIK noi tiép.

Nhdn xét. Ban ciing ¢6 thé chimg minh I, =K . Hinh 7
¢) T gidac CDIK néi ti€p nén a = l-? (g6c noi 1ép cung chin cung ID) ma
C,=F =K,=F = IK // AB.
Nhdan xét. Khi dia chimg minh dugc ti gidc noi tiép, ban ¢6 thé van dung
dugc cdc géc noi tiép cia duong tron ngoai 1iép i gidc do.
Vi du 7. Cho nira dudmg tron tam O dudng Kinh AB va hai di¢ém C, D thudc nira
dudmg tron sao cho C 1a diém chinh giita cia cung AM va géc COD bing 90". Goi
E 1a giao diém cua AM va OC; F la giao di¢m clia BM va OD.
a) T gidic OEMEF la hinh gi? Vi sao?
b) Chimg minh D la diém chinh giira cia cung MB.
¢) Mot dudng thang d tiép xic vai nira duong tron tai M cit tia OC, OD lan luot
- tai I, K. Chimg minh cic ur giac OBKM, OAIM néi ti¢p duoc.

d) Gia sir tia AM cit tia BD tai S. Xdc dinh vi trf cia C va D sao cho nam di¢m
M, O, B, K, S ciing thudéc mot duong tron.

Giai (h.8) a) AAOM cin (OA = OM) ¢6 OE la tia phan giic cua AOM nén OE

ciing 13 dudng cao suy ra OE L AM. Ta lai ¢6 EMF =90", EOF =90° nén & gidc

MEOF la hinh chir nhat.
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b) Ta co 6:+(“)‘;=90":>67+6:=90”, S

—

ma 6:=6;:(3;=O4:ﬁ=5_ﬁ.
¢) AOAI va AOMI c6 OA = OM,

a = 6: , Ol chung

nén AOAI = AOMI (c.g.c)

— OAI = OMI. ma OMI =90°

- — A
= OAI+OMI=180°. o B

Vay ur giac OAIM la ur gidc ndi tiép.

Tuong tu ta c6 1t gidc BOMK [a ur gidc noi tiép.
d) Nam diém M, O. B, K, S ctng thudc dudng tron khi va chi khi tr gide MBKS
noi tiép

Hinh 8

& SMR =SBK = IMA =$BK o 4AM _ s4BD

&AM = BD = MD <> sdAC = 30°: sdBD = 60".

Vi du 8. Cho dudmg tron tam O va diém A ndm ngoai dudmg tron. Ké hai tiép
tuyén AB, AC vdi dudng tron (B, C 1a ti€p diém). Trén cung nho BC ldy mot diém
M ro6i ké duomg vuoéng géc MI, MH, MK xuéng cic canh BC, CA, AB. Goi giao
diém cia BM, IK la P; giao diém cua CM, IH 1a Q.

a) Chimg minh ring cic tr gide BIMK, CIMH noi tiép duoc;

b) Chitng minh ring MI° = MH.MK;

¢) Chimg minh tf gidc IPMQ noi tiép réi suy ra PQ L MI:

d) Néu KI = KB, chimg minh IH = IC.

Giai (h.9)

a) * BIM =BKM =90" suy ra it gidc BIMK noi tiép.

*CIM = CHM =90° suy ra t giéc CIMH noi ticp.

b) Ti gidc BIMK noi tiép nén IKM = IBM; KIM = KBM . (1)
Tit gidc CIMK noi tiép nén ICM = [HM; MIH = MCH . 2)
Xét dudmg tron tam (O) ¢6: KBM = BCM: MBI = MCH . 3)
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Tir (1), (2), (3) suy ra: KIM = lﬁf[;ﬁl = MIH
do d6 A MIK «»» A MHI (g.g)

MK M
Ml MH

————— e, e

¢) *Tacé PMQ+PIQ=BMC +PIM +Q1M

= MI* = MK.MH .

= BMC + MCI +MBC = 180"
hay [.;I-\t-‘[“(-j + F[-(‘j =180°

suy ra tr gidc MPIQ ndi tiép. *o
*Tirdé ta co w’iﬁ“@:ﬁfc‘j:nﬁ“@:mﬁ

= PQ // BC ma MI L BC nén MI L PQ.

d)* T IK = KB = KBI =KIB = ICH = KIB . (4)
* Mat khdc PQ // BC = KIB = [PQ. () Hinh 9
* T gigc MPIQ noi tiép nén IPQ=IMQ.  (6)
* Tt gidc IMHC noi tiépnén IMQ =IHC.  (7)

Tiur (4), (5), (6), (7) suy ra Ifﬁ = ITI.E‘ . Viy AIHC can tai | nén IC = [H.

Nhdn xét. Tt cau b), véi Ki thuat cia cia chuyén dé 16, ban c6 thé giai dugce
cu sau: Xdc dinh vi tri diém M trén cung nho BC dé tich MI.LMK.MH dat
gid tri I6n nhat.

C. Bai tap

7. Cho dudng tron (O; R) c¢6 day AB < 2R. Trén tia AB ldy diém C sao cho
AC> AB. Tur C ké hai tiép tuyén véi dudng tron (O) tai P, K. Goi I 1a trung
diém cha AB.

a) Ching minh ring ut giac CPOK noi tiép.
b) Chimg minh rang C, P, 1, O, K ciing ndm trén mot dudng tron.

¢) Gia sir PA song song vdi CK. Chitng minh ring tia déi cia tia BK I tia
phéan gidc cia géc CBP.

8.  Cho dudng tron (O; R) ¢é hai duong kinh AB, CD vuéng géc¢ véi nhau. Trén
doan thing AB ldy diém M (khdc diém O). Pudng thing CM cit dudmg tron
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10.

11,

12.
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(O: R) tai diém tha hai N. Pudng thing vuong géc v6i AB tai M cit tiép

tuyén tai N véi duong tron & diém P. Chimg minh ring:

a) T gidc OMNP noi ti€p duge.

b) Nam diém O, M, N, P, D cung nim trén mot dudng tron.

¢) Tich CM.CN khong phu thudc vao vi tri diém M.,

d) Khi M di dong trén doan thing AB thi P chay trén mot doan thing c6
dinh.

Cho hinh thang ABCD (AD // BC) néi tiép duong tron (O). Goi I la giao
di¢m cua hai duong chéo AC va BD. Céc ti€p tuyén cia dudmg tron (O) tai A
vit B cit nhau tai P. Chiing minh ring nam diém A, O, I, B, P cing ndm trén
mot dudng tron.,

Cho tam gidc vuong ABC ( A =90, duong cao AH. Goi D, E lin luot la
hinh chi¢u cta H trén cic canh AB, AC. Tia Ex vuong goc v6i BE va tia Cy
vuong goc voi BC cit nhau tai diém F. Chimg minh ring nam di¢m B, D, E,
C, F cung nim trén mot dudmg tron,

Cho AABC (AC > AB, BAC > 90" ). Goi I, K theo thir ty I trung diém cua
AB, AC. Cic dudmg tron duamg kinh AB, AC cit nhau tai diém thir hai D; tia
BA cit dudmg tron (K) tai diém thit hai E; tia CA cit duong tron (1) tai di¢m
thir hai F.

a) Chiing minh B, C, D thing hang.

b) Chimg minh ur gidc BFEC ndi tiép.

¢) Chimg minh ba dudng thing AD, BF, CE déng quy.

d) Goi H la giao di¢m thir hai cta tia DF vai duong tron ngoai tiép tam gidc
AEF. Hiy so sinh DH va DE.

Cho tam gidc ABC vuong tai A va mot diém D ndm gilta A v B. Dudng tron
(0) dudng kinh BD cit BC tai E. Cic dudng thing CD, AE ldn lugt cit
dudmg tron (O) tai cde diém thit hai 12 F, G. Chiing minh ring :

a) Cic ur gidic ADEC va AFBC noi ticp.

b) AD.AB = AG.AE.

c) AC//FG.

d) AC, DE va BF dong quy.



Chuyén dé 12
CHUNG MINH QUAN HE TIEP XUC
GIUA PUONG THANG VA PUONG TRON
HOAC HAI PUONG TRON

A. Kién thirc can nhé
1. Cdc cach chimg minh dicomg thang la tiép tuyén cria dicong tron
e Duodng thing va dudng tron chi ¢6 mot diém chung. A

e Khoing cdch tir tam duong tron dén duong X
thing bang bédn kinh cta dudmg tron.

e Dudng thing vuong géc véi bin kinh tai .
diém ddu cia ban Kinh,

B ¢
e Cho AABC, né¢u ¢6 tia Ax nam khdc phia v
v6i C bix ABma BAx = BCA thi tia Ax I

tép tuyén cha dudong tron ngoai tiép tam Hinh 10
gidc ABC (h.10).

2. Cdc cach chimg minh hai dicomg tron tiép xiic nhau

e N¢u doan thing noi tam hai dudng tron bing tong cua hai bdn kinh thi hai
dudmg tron tiép xic ngodi.

e Né¢u doan thing noi tam hai duong tron bang hi¢u cua hai ban kinh thi hai
dudng tron ti€p xuc trong.

e N¢u hai dudng tron ciing iép xic vai mot dudng thing tai mot diém thi hai
dudmg tron ti€p xuc nhau.

B. Mot s& vi du

Vi du 9. Cho tam gidc ABC vuong tai A ¢ AH la dudng cao. VE hai dudmg tron
(0) va (0') c6 dudmg kinh ldn lugt 1a BH va CH. Céc dudmg tron trén cat AB, AC
l4n luot tai E va F. Chimg minh ring:

a) T\ giac AEHF la hinh chir nhit.
b) AE.AB = AC.AF.
¢) EF 1a tiép tuy¢én chung cta hai duong tron (O) va (O)).
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Giai (h.11)

a) Ta ¢c6 BEH=90° HFC=90° (géc
noi tiép chin nla dudong tron) suy ra
HEA =90°; HFA =90° ma EAF =90°
nén tr gidc AEHF la hinh chir nhat.

b) ﬁ\p dung hé¢ thire lugng trong tam gidc
vuong ta cé:

AN = AB.AE; AH” = AC.AF, tir d6 suy
ra AB.AE = ACAF.

¢) Goi I 1a giao diém cua AH va EF, thi :
ta ¢6 IE = TH. Hinh 11

Xét AIEO va AIHO, ta ¢6 IE = IH; 10 chung; OH = OE suy ra AIEO = AIHO
(c.c.c) = IEO =IHO = IEO =90° ma OE la bén kinh dudmg trdn (O) nén IE I
li€p tuyén cta duong tron (O).

Tuong tr nhu vy ta ¢6 IF 1a tiép tuyén cua duong tron (O").

Tir d6 suy ra EF la ti€p tuyén chung ctua hai duong tron (O) va (O').

Nhan xét. Khi ching minh mot dudng thing 12 ti€p tuyén cia dudng tron,
ban ¢6 thé dua viio mot tiép tuyén da cé6. Ching han trong bai ¢6 thé suy ra
AH la ti€p tuyén chung cua hai dudng tron, vdy muén chimg minh EF la tiép
tuyén chung cua hai duong tron, ban nén chimg minh [EO = 90" bang cach
ghép vio hai tam gidc bing nhau.

Vi du 10. Cho dudng tron (O; R) ¢6 day AB < 2R. Goi M la diém chinh gitra cia

cung nho AB va C 1a mot diém thuoe doan thang AB (C khdc A va B). Tia MC cat

duong tron tai diém tha hai 1a D. Chimg minh ring:

a) MA’=MC.MD.

b) MB.BD = BC.MD.

¢) MA la tiép tuyén cua dudng tron ngoai tiép tam gidc ACD.

d) Tong ban kinh cia hai dudng tron ngoai ti€p tam gidc ACD vi BCD khong déi

khi C di dong.
Giai (h.12)
a) Tacé MA = MB = MAB = MDA .

AMAC va AMDA ¢6 AMD chung, MAB = MDA
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= AMAC v»» AMDA (g.g) :?m- = L = MA? =MCMD. X"
MD MA a,

b) Tuong ty, ta ciing ¢c6 AMBC «»» AMDB (g.g)
- MB_BC _ MBBD=-MDBC.

MD DB
¢) Trén nira mat phing bd AC chita diém M, vé
tia Ax la tia ti€p tuyén cia dudong tron ngoai

tiép AACD = CAx =CDA.
Ma AM = MB = BAM = MDA

= CAM = CDA = CAx =CAM ma AM, Ax
nam cung nita mat phing b AC nén hai tia Hinh 12
AM, Ax tring nhau.

N

Viay AM Ia ti€p tuyén clia duong tron ngoai tiép AACD.

d) Chitng minh tuong ty, ta ¢6 BM la tiép tuyén cia dudng tron ngoai liép tam gidc
BCD.

Goi Oy, O, lan luot la tam dudng tron ngoai tiép AACD, ABCD. Suy ra O,A L AM,
O, B L BM (tinh chat ti€p tuyén).
K¢ MN la dudng kinh ctia dudmg tron (O) thi AN L AM: BN L BM
= A, O;, N thing hang, B, O,, N thing hang.
Tac6 AAO\Ccantai O, = 6,‘;‘5:(: = m .
ANAB can tai N = NAB = NBA
suy ra (ﬁ:ﬁﬁf‘q:o,w;m.
Tuong w nhu vay, ta ¢6 O,C // AN tir d6 suy ra CO,N O, Ia hinh binh hanh do do
CO, =O,\N.
Tong hai bén kinh cia dudng tron ngoai tiép AACD va ABCD la:
0,A+0,C=0,A+0O,N = AN khong doi.

Nhan xét. Qua bai ndy, ban c¢6 thé nhin bi¢t dugc mat tia 12 tiép tuyén cua
duong tron thong qua bai sau : Cho tam gidc ACD. Trén tia d6i cua tia CD
ldy diém M. Tia AM 12 ti¢p tuyén ciia duomg tron ngoai tiép tam gidc ACD
néu thoa man mot trong hai diéu kién sau :
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a) Goc ADC bing géc MAC:

b) MA* = MC.MD.
Vi du 11. Hai dudng tron (O; R) va (O'; r) tiép xic ngodi tai C (R > ) goi AC va
BC la hai dudng kinh di qua C cia dudng tron (O) va (O'). DE la day cung cua
dudmg tron (O) vuong géc véi AB tai trung diém M cia AB. Tia DC cit duong
tron (O') tai diém thit hai la F.
a) Tir gidc ADBE la hinh gi? Vi sao?
b) Chimg minh ba diém B, F, E thing hang.
¢) DB cit dudng tron (O') tai diém thit hai 1a G. Chimg minh DF, EG va AB
dong quy.
d) Chimg minh MF la tiép tuyén cua (O").
Giai (h.13)
a) T gidc ADBE la hinh thoi vi
AM = MB; MD = ME va
DE 1 AB. A C 6]
b) Ta c6 BE // DA. N6i BF ta c6 A

ADF = BFD =90° = BF // DA. ¥
Nhu vay BE // DA va BF // DA
ma qua B chi ¢6 duy nhat mot
dudmg thing song song véi DA g

do_l dé \ha diem B, F, E phai Hinh 13

thing hang.

¢) Ta ¢6 CG vudng goc véi DB, mat khac EC vuong goc vai DB. Nhung qua C chi
t6n tai duy nhit mot dudng vuong géc véi DB cho nén E, C, G phai thing hang va
DF, EG, AB phai déng quy tai diém C, chinh la truc tam cua tam gidc EDB,

D

d) Nhan thdy MEF =F, va O'BF=F, ma MEF+0'BF =90° nén F, +F, =90°,

suy ra MFO'=90". Vay MF la tia ti¢p tuyén cta dudng tron tam O,

Vi du 12. Cho nira dudng tron duong kinh AB trén d6 c¢6 mot diém M. Trén dudng
kinh AB ldy mot diém C sao cho AC < CB. Trén nita mit phing b AB ¢6 chira
diém M, ngudi ta ké céc tia Ax, By vuong géc véi AB; dudng thing qua M vuong
géc véi MC cit Ax tai P; dudmg thiang qua C vudng géc véi CP cit By tai Q. Goi D
1a giao diém cua CP va AM; E la giao diém cua CQ va BM.

a) Chimg minh rang cédc tr gilc ACMP, CDME noi ti¢p dugc.

b) Chimg minh ring hai dudng thing AB, DE song song.
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¢) Chimg minh rang ba diém P, M, Q thing hang.

d) Ngoai diém M ra, cdc dudng tron ngoai tiép cic tam gidc DMP, EMQ con diém
chung nao nira khong? Tai sao?

Giai (h.14)

a) T gidc ACMP ¢6 A=M=90" nén noi tiép
duoc.

Td giic CDME ¢6 C=M =90" nén noi tiép
duoc.

b) Do cic ur gidc ACMP va CDME noi tiép
dugc nén I\m=m ﬁ&'ﬁ"é:ﬂ?é‘é ma
MPC = MCE (vi cing phu véi géc ﬁ'&} nén
MAC = MDE . Viy AB song song véi DE.

¢) Do Iﬁﬁ@= MAC (vi cung phu Xéﬁ) va
MAC=m=m nén l\ﬁ:l\m
Suy ra tr gidc CMQB noi tiép do dé
CMQ =90°. Vay P. M, Q thing hang.

d) Trén nira mat phang bd MC khong chifa diém D ké tia tiép tuyén Mt ciia duong
tron ngoai ti€p tam gidc DMP suy ra AMt = MPD ma ﬁaﬁ phu véi MPC nén
BMt = ﬁa& Suy ra Mt ti€p xuc véi duong tron ngoai tiép tam gidic EMQ. Do d6

hai dudng tron ngoai ti€p cac tam gidic DMP va EMQ ti€p xic nhau. Viy c6 duy
nhat mot diém M 1a diém chung cta hai dudng tron néi trén.

Nhdn xét. Ban ¢6 thé chimg minh duge DE la ti€p tuyén chung cia hai
duong tron ngoai tiép cic tam gidc DMP, EMQ.

Hinh 14

C. Bai tap

13. Cho di€ém A nam ngoai dudng tron (O: R). Tir A ké dudng thing d khong di
qua tam O, cit dudng tron (O; R) tai B va C (B ndm gitra A va C). Cic ti¢p
tuyén vaGi (O; R) tai B va C cit nhau tai D. Tir D ké DH vuong géc vai AO
(H nédm trén AO) cit cung nho BC tai M. Goi E la giao diém cta DO va BC.

a) Chimg minh DHOC la uf gidc noi tiép.
b) Chimg minh OH.OA = OE.OD.
¢) Chimg minh AM la tiép tuyén cia (O; R).
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14.

1D

16.

17,

80

Cho hai dudmg tron (O,) va (0,) ti€p xiic ngoai tai A. Mot dudng thang d
ti€p xic vai (0,), (0,) lan luot tai B va C.

a) Chimg minh tam giic ABC vudng.

b) Goi M la trung di¢m cua BC. Chimg minh raing AM la tiép tuyén chung
cua hai duong tron.

¢) Chimg minh géc O,MO, bing 90".

d) Chimg minh rang dudng tron ngoai tiép tam gidc MO,0, ticp xic v6i
dudmg thing d.

Cho dudng tron (O) dudng kinh AB = 2R va moét diém C trén duong tron (C
khong tring véi A va B). Trén nira mat phing b AB c¢6 chira diém C, ké tia
AX 1iép xic véi dudng tron (O). Goi M 1a diém chinh gira cua cung nho AC:;
P la giao diém ciua AC, BM. Tia BC cit cdc tia AM, Ax lin luot tai N va Q.
a) Chimg minh AABN cin;

b) Tir giac APNQ Ia hinh gi? Tai sao?

¢) Goi K la diém chinh gitra cia cung AB khong chita C. Hoi ¢6 thé xay ra
ba di¢m Q, M, K thang hang duoc khong? Tai sao?

d) Xdéc dinh vi tri cta diém C dé dudmg tron ngoai 1i€p AMNQ tiép xiic vai
duong tron (O).

Cho hai duong tron (O: R) va (O"; R') cit nhau tai A va B (O, O' thuoc hai
nira mat phiang bd AB). Mot dudng thing qua A cit dudng tron (0) va (O')
trong (mg tai C va D (A nam gitta C va D). Cic tiép tuyén tai C va D cta hai
dudmg tron cat nhau tai K. Noi KB cat CD tai 1. Ké Ix song song véi KD cit
BD tai E.

a) Chimg minh rang ABOO' déng dang véi ABCD.

b) Chirng minh tr gidc BCKD noi tiép.

¢) Chimg minh AE Ia tiép tuyén cua duong tron (O : R).

Cho tam gidc vuong ABC noi tiép duong tron tam O dudng kinh AB. Trén
tia doi cua tia CA 1ay diém D sao cho CD = AC.

a) Chimg minh tam giac ABD can.

b) Budng thing vuong géc véi AC tai A cit dudmg tron (O) tai E. Trén tia
doi cua tia EA 13y diém F sao cho EF = AE. Chimg minh ring ba diém D, B,
F thing hing.

¢) Chimg minh dudong tron ngoai ti€p A ADF tiép xic vGi duong tron (O).



18. Cho dudmg tron (O) dudmg kinh AB, d,, d,. 12 cdc dudmg thing 14n luot qua
A, B va ciing vuong géc vai dudng thing AB. Goi M, N 1a cdc diém 1dn lugt

thude d,, d,, sao cho MON =90,

a) Chimg minh raing AM.BN = %’f—- :

b) Chimg minh ring dudng thing MN Ia tiép tuyén cua dudng tron (O).

Chuyén dé 13
CHUNG MINH PIEM CO PINH

A. Kién thirc can nhé

e Trude hét xdc dinh ba loai yéu t6: ¢d dinh, khong doi va thay déi. Phin dodn
diém c¢6 dinh.

e D¢ du dodn diém cd dinh, ta v& hai vi tri cha dudmg thing (thudmg chon vi tri
dac biét) va tim giao diém S cua chidng.

e Dua vao gia thiét dé tim m6i quan hé giira diém ¢6 dinh (du dodn) vi cic yéu
té khdc cua dé bai.

e Trinh bay 15i gidi, chimg t6 S Ia diém ¢6 dinh (Ia giao diém ctia hai dudng
thing ¢6 dinh hoac nam trén mat tia ¢6 dinh va cdch géc mot khoang khong
déi,...). 2

B. Mot s6 vi du

Vi du 13. Cho dudng tron (O: R) ¢6 day
BC < 2R ¢6 dinh. Goi A la diém di dong trén
cung l6n BC. Ké BE va CF la dudng cao cua
AABC cat nhau tai H. Chimg minh riang khi A
di dong thi dudng thing qua A va vudng goc
voi EF luon di qua mot diém ¢6 dinh.

Gidi (h.15). Ta ¢6 & gidc BCEF noi tiép dudng
tron dudmg kinh BC = ABC = AEF .

Ké Ax la ti€p tuyén cia duong tron (O: R) Hinh 15

thi Ax L AO vd ABC = CAx = CAx = AEF = Ax // EF= EF L AO.
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Viy dudng thing qua A vuong géc vi EF luon di qua diém O ¢6 dinh.
Nhdan xét. Thuc chét bai nly bit ngudn tir bai toin chimg minh EF L AO.
Néu goi M 1a trung diém cua BC thi ta ¢6 két qua quen thude la AH // OM
vi AH = 2.0M. Tir d6 ta ¢6 cau hoi hay va khoé sau day:
e Ching minh rang khi A di dong thi dudng thing qua tam dudng tron
ngoai tiép AAEF va vuong géc véi EF luon di qua mot diém ¢o dinh.,
e Chimg minh ring khi A di dong thi dudmg thang qua H vi vuong géc véi
EF lu6n di qua mot diém ¢o dinh.
Vi du 14. Cho dudng tron (O: R) va mét duong thang d nam ngoai duong tron. [ li
mot diém di dong trén d. Pudmg tron dudng kinh 10 cat duong tron (O ; R) tai hai
diém M, N. Chimng minh dudng thang MN luon di qua mot diém ¢6 dinh.
Giai (h.16)
Dudmg tron duong kinh 10, cat dudng tron
(O: R) tai M, N =IMO=INO=90" =
IM, IN li tiép tuyén cua dudng tron (O ;
R). Goi E la giao cua 10 va MN thi IE la
duong phin gidc coa MIN suy ra IE cling
ld duong cao cua tam gidc cin MIN

= |IE L MN.
AOMI ¢6 OMI=90°;ME LOI nén g
OM? =0OEOI. (1) Hinh 16

Ké OA L dtai A, goi K 1a giao di¢m ctia OA va MN thi AOEK v AOAI (g.g)
OE OK
= —=—
OA Ol
Tir (1) va (2) suy ra: OK.OA = OM? =R?,

-

Tiur do suy ra OK = g—“; ma OA khong do6i nén OK khong déi, do d6 K 1a diém ¢6

= 0OA.OK =0OE.Ol. (2)

dinh phai tim.

Vi du 15. Cho ba diém ¢6 dinh A, B, C thing hang theo thit tr d6. Mot dudng tron
(O) thay doi nhung luon qua B va C. Tir diém A ké cdc ti€p tuyén AM, AN dén
dudng tron. Dudng thaing MN cit AO va AC lan luot tai H va K.

a) Chimg minh M, N di dong trén moét dudng duong tron ¢6 dinh.
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b) Goi I la trung diém cta BC. NI cit dudmg tron (O) tai P. Chimg minh MP // BC.

¢) Ching minh dudng tron ngoai tiép tam gidc OHK luon di qua hai diém ¢6
dinh.

Gidi (h.17) .

a) Vi AN 1a tiép tuyén cua duong tron (O)

nén ANB =BCN ma CAN chung nén 0
N
AANB »» AACN (g.g) suy ra i) :E
AC AN
, _ A BNK\// | ¢
= AN" = AB.AC ma AM = AN (tinh chat ¥

liép tuyén). Suy ra M, N ndm trén dudng tron
tam A bin kinh VAB.AC ¢6 dinh. Hinh 17

b) ANO=90" ; AIO =90" nén r gidc AOIN noi tiép dudng tron dudmg kinh AQ,
suy ra AON = AIN.

Mat khic AON = % MON; MPN = %MON nén AIN = MPN suy ra MP // BC.

¢) Theo ciu a), ta ¢6 AN> = AB.AC. (1)
Mat khac AANO vuong tai N ¢6 NH L AO nén AN? = AH.AO. (2)
AAHK o AAIO (vi OAI chung, AHK = AIO =90")

= % =%(K)-:> AH.AO = ALAK . 3)

" AB.AC

Tu (1). (2). (3) suy ra AB.AC = ALAK = AK ma AB, AC, Al ¢o dinh

=> AK khong doi = K ¢6 dinh.

Tir gidc OIKH noi ticp nén dudng tron ngoai tiép AOHK luon di qua K va | ¢o dinh.

Nhan xét. Nhi¢u bii todn chimg minh di¢m ¢6 dinh duge xudt phdt tir nhimg
dang thic tich. Vi vay khi lam dang 10dn nity. ngoii viéc phin dodn diém ¢6
dinh ban cin lién hé t6i nhimg két qui ma ban ¢6 thé 1am duoc.
Ching han & vi die 14, ban phdn dodn diém K ¢d dinh thi ban cén lién hé 16i
két qua don gian la: OK.OA = OE.OI va OE.OI = R%. O vi du /5 ban dé
dang ¢6 diém I ¢6 dinh, ban phdn dodn diém tiép theo I1a K ¢6 dinh thi ban
cdn lién hé 16i két qua don gian 1a: AK.AI = AH.AO: AN® = AH.AO va
AN’ = AB.AC. Tir d6 ta ¢6 cich chimg minh trén.
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Vi du 16. Cho tam gidc ABC vuong tai C vi BC < CA. Goi | 1a diém trén AB va
IB < IA. K¢é dudmg thing d di qua I va vuong géc voi AB. Goi giao diém cua d voi
AC, BC lin luot 12 F va E. Goi M 1a diém doi xung vai B qua l.

a) Chimg minh riing AIME déng dang véi AIFA va IE.IF = IA.IB.

b) Pudng tron ngoai tiép tam gidc CEF cit AE tai N. Ching minh ring F, N, B
thing hang.

¢) Cho AB ¢6 dinh, C thay doi sao cho BCA =90". Chimg minh ring dudng tron
ngoai ti€p AAEF luon di qua hai diém ¢6 dinh v tam dudmg tron ndy nam (rén
dudng thing ¢6 dinh.

Giai (h.18) "
a) Tacé IE 1a dudong trung truc cua BM

— AEBM can ai M = B, =M, .

Ma B, = F, (cing phu véi A, )

c
= A IME w»» AIFA (g.2)
= m = L = IE.IF = 1A.IM
IF 1A
[
= JETF=1A.IB:

Hinh 18

b) Ta ¢6 ECF =90” = ENF =90°.

Xét ABAE ¢6 El, AC la cic duong cao cat nhau tai F nén BF L EA ma FN L EA
= B, F, N thing hing.

Tacé E, =A, suy ra uf gidsc AMFE noi tiép.

Tir d6 suy ra dudng tron ngoai tiép AAEF luon qua hai diém A, M c6 dinh. Vay
tam dudng tron ngoai ti€p AAEF luon ndm trén dudng trung truc cia AM ¢6 dinh.

C. Bai tap

19. Cho dudng tron (O; R) va diém A ¢6 dinh véi OA = 2R. Mot dudng kinh BC
quay quanh O sao cho ba diém A, B, C khong thing hang. Pudng tron ngoai
tiép tam gidc ABC cit duong thing OA tai diém thit hai la I. Duong thing
AB, AC lai cit dudmg tron (O; R) lin luot tai D va E. Noi DE cat dudng
thing OA tai K.
a) Chimg minh ring O1.OA = OB.OC va AK.Al = AE.AC.
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20.

21.

22,

b) Tinh do dai doan thing OI va AK theo R.

¢) Chimg minh ring duong tron ngoai tiép tam gidc ADE luon di qua mot
diém ¢6 dinh khdc A khi BC quay quanh O.

Cho duong tron (O: R), mot day cung CD ¢6 trung diém H. Trén tia d6i cia

tia DC ldy mot diém S va qua S ké cdc 1i€p tuyén SA, SB v6i dudng tron.

Puong thang AB cit cic dudng thang SO, OH lin luot tai E, F. Goi I 1a giao

di¢m cia AB va CD.

a) Ching minh tr gidc SEHF noi tiép duoc.

b) Chimg minh OH.OF = R,

¢) Chimg minh SI.SH = SC.SD.

d) Khi S di dong trén tia doi cha tia DC chimg minh dudng thing AB luon
di qua mot diém ¢6 dinh.

Cho nira dudng tron tam O dudng kinh AB = 2R. Goi C la trung diém cua

doan thing AO. Dudng thing Cx vudng géc véi dudmg thing AB, Cx cit nira

dudmg tron trén tai . Goi K 1a diém bat ki nim trén doan thang CI (K khic C

va 1), tia AK cdt nira dudng tron da cho tai M. Ti€p tuyén véi nira dudomg tron

tam O tai diém M cét Cx tai N. Goi D la giao diém ctiia BM va Cx.

a) Ching minh ring bon diém A, C, M, D cling nim trén mot dudng tron.

b) Ching minh tam giac MNK can.

c¢) Tinh dién tich A ABD khi K la trung diém cta doan thing CL.

d) Ching minh rang khi K di dong trén doan thang CI thi dudmg tron ngoai
ti€p tam gidc AKD di qua mot diém ¢6 dinh khéc A.

Cho dudng tron (O) va diém A khic O nam trong dudmg tron. Mot dudmg

thing thay déi di qua A nhung khong di qua O cit dudng tron tai hai diém

M, N. Chimg minh rang dudng tron ngoai ti€p tam gidic OMN luon di qua

mot diém ¢6 dinh khic O.

Cho diém M bit Ki trén nira dudmg tron (O) dudmg kinh AB = 2R, qua diém H

¢ dinh trén doan OB, vé dudng thing d vuong géc véi AB. Goi giao diém cuia

MA, MB va tiép tuyén tai M cua dudng tron (O) véi d lan luot 1a D, C va .

Goi E la giao diém ctia AC va dudng tron (0). Goi K i giao diém Ol va ME.

a) Chimg minh ring IE 1a tiép tuyén cla dudng tron (O).

b) Cho M di chuyén trén dudmg tron (M khong tring véi A; B). Chiing minh

rang tich OL.OK khong d6i va ME luon di qua mot diém c¢6 dinh.
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Chuyen dé 14
CAC BAI TAP CO NOI DUNG TINH TOAN

A. Kién thirc can nhé
D¢ giai cdc bai tap tinh toin, cdc ban cdn nam vimg cic kién thic sau:

1. Cdc hé thiece eome trong tam gide vuong.

A ABC vuong tai A, ¢6 AH 1a dudng cao (h.19a) thi: A

e AB’=BCBH : AC* =CH.BC

e AB’+AC’=BC?

e AB.AC=BCAH B T (

e AH’=BH.CH Hinh 19 a

R P x

AH® AB® "AC

2. Dinh li Ta-lét: \ /\N

Cho AABC ¢c6 MN // BC(M € AB. N € AC) (h.19b). n/ \
(

Ta co:

AM AN MN

AB  AC BC '

AM AN BM CN

MB NC ' AB AC

3. Tinh chat dieemg phan gide trong tam gide:
BD AB

AABC ¢6 AD la phin gidc > —=—.
LD AC

Hinh 19 b

4. Tam gidc dong dang:
AB=AC=BC;R=E',[§=§',E'=E'.
AB AC BC

5. Cdc i so hiomg gidic.

AABC v» AA'BC =

6. Cong thite tinh chu vi, dién tich ¢de hinh: tam gidc, hinh chir nhat, hinh vuong,
hinh thang, hinh binh hanh, hinh thoi, hinh tron.
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B. Mot s6 vi du
Vi du 17. Cho duong tron (O; R) vi mot diém S & ngodi dudng tron. Tir S vé hai
Ue€p tuyén SA, SB véi duomg tron (A, B la tiép diém). V& dudmg thing a di qua S
cat duomg tron (O: R) tai hai diém M, N v6i M nam giira hai diém S va N (dudng
thing a khong di qua tam O). Goi H Ia giao cta SO va AB. Goi I la trung diém cua
MN. Hai dudmg thang OI va AB cit nhau tai E.
a) Ching minh i gidac IHSE noi tiép.

b) Chimg minh OL.OE = R’

E

¢) Cho biét SO = 2R va MN = R4/3.
Tinh dién tam gidc ESM theo R.

Giai (h.20)

a) Ta ¢6 SHE = SIE =90° suy
ra tr gidc THSE noi tiép duong
tron duong Kinh SE.

b) AOHE va AOIS ¢6

OHE = OIS = 90"; SOE chung
=> AOHE » AOIS (g.g2)
.—9%=%.—DOI.OE =0OH.OS. (1) Hinh 20

Miit khic. AOBS vuong tai B, BH L OS nén OH.0S = OB® = R%. (2)
Tu (1) v (2) suy ra OLOE = R>.

RV3.

2

SMN=R3=>IM=IN=

Ap dung dinh Ii Py-ta-go trong cdc tam gidc vuong ta cé:

2 2
3R =R3:>0|3=RT:>01=

O’ +IN*=ON? = 01’ +

R
>
012+I53=083:>—I3—-+153=4R3:-IS Mﬁ.

R(V15 -4/3)
. _

2 =l—§E;:.[S=

Suyra: SM=S81-IM = (3)
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Ap dung cau b), OLOE = R*= -‘;—.OE =R’=0E=2R. (4)

Tir (3) va (4) ta ¢6 dién tich AESM la

13R R(J_ V3 _ 3R*WI5-43)
- .

Ses = 555
Nhdn xét. D¢ tinh dQ dai doan lha‘mg. ban nén sir dung dinh i Py-ta-go va
tam gidc dong dang dé tinh 14t ca do dai cdc doan thing ¢6 the.
Vi du 18. Cho mdt nira dudng tron dudng kinh AB = 2R. Goi M la mot di¢m bit

ki trén nira dudmng tron dé sao cho MAB=a (a0 < 45%). Tir M vé MH vuong géc
vGi 1i€p tuyén tai B cua nira dudng tron.,

a) Tinh cic doan MA, MB, MH theo R va a.

b) Tinh MH theo R va 2a.

¢) Chirng minh hé thirc cos2a = 1 - 2sin’a va cos2a = 2cos o — 1.
Giai (h.21) M

— H
a) Ta c6 AMB =90" nén

MA = AB.cosa = 2R.cosa,
MB = AB.sina = 2R.sina.

Ta c6 MHB=90" va MBH=MAB=a a )
nén MH = MB.sina = 2R sin’a. A 0 K B
b) Ké MK L ABthitacd Hinh 21

OK = OM.cos2a = R.cos2a.

Ma BK = OB - OK =R - R.cos2a = R(] - cos2a).

Mat khiac BHMK la hinh chir nhat nén MH = BK = R(1 - cos2a).

¢) Tir cu a) va cau b) ta co:

R.(1 — cos2a) = 2R sin"a (= MH)=1-cos2a =2sin" « hay cos2a =1~ 2sin’ .
Tir cong thic sin® o +cos” a =1=>sin* o = 1-cos’ a

nén cos2a =1-2(l ~cos’ a)=2cos a—1.

Vi du 19. Cho duong tron (O; R) va mét dudmg tron tam I ban kinh 2R di qua tam O.
Céc 1i€p tuyén chung ADB va AEC ctia hai dudng tron d6 cit nhau tai A, tiép xiic
vGi dudmg tron 16n tai B, C va véi dudng tron nho tai D, E.
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a) Tinh d¢ dai cdc canh cta tam gidc ABC va xic dinh dang cta n6.
b) Tinh dién tich hinh BOCEDB (hinh bao gém cung BOC cia dudng tron 1on,
doan thang CE. cung ED ctia dudng trdon nhé v doan thing DB).
Giai (h.22)
a) AB va AC la tiép tuyén cuia
dudng tron (1) = AB = AC D
= AABC cin tai A,
AABI ¢6 OD // BI (vi ciing vuong S
gbc vGi AB)
AO OD R AO |
= = = — =—
Al "Bl 2R Al 2

—

::-A()=%Al => AO=0I=2R = Al =4R. Hinh 22

X¢ét AABI ¢6 AB® = AI® = IB = 16R? - 4R? = |12R>
= AB = 2R+f3 = AC = 2R /3.

Goi H 1 giao diém cia Al va BC suy ra AH la dudmg phan gidc cia AABC can tai
A, do d6 AH la duong cao, dudmg trung tuyén,

Xét AABI ¢6 ABI=90", BH L Al nén ALIH = IB® = 4R.IH = 4R> = [H = R.
Xét ABHI vuong tai H nén BH? = BI> < IH? =4R* - R? = 3R>

= BH = RV3 = BC = 2R3 = AB = AC = BC = 2R3 =AABC I tam giéic déu.
b) AABI ¢6 DO la dudmg trung binh nén AD =DB = %AB =R+/f3.

Suy ra di¢n tich ti gidc ADOE Ia S, = 2S5, = 2.-%.AD.OD =R%/3.

Tit gidic ADOE ¢6 A =60°; D=E =90° nén DOE =120°.

nR’n _aR%120° nR?
360" 360° - W
Tur d6 suy ra dién tich hinh giGi han boi AD, AE va cung nho DE la :

Do d6 dién tich hinh quat DOE Ia S, =
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T

¢, ta ¢o dién tich ur gidc ABIC 1A S, =2S,,, = 2.

ABBI=4R?./3.

1
2

7R’

Dién tich hinh quat BIC Ia S¢ = e

Di¢n tich hinh BOCED la:

$=S —S<—81=4R:J§44RR-~I{-(3J§_")=R2(3J._—::).
b 3 3

C. Bai tap

24,

)
n

26.

90

Cho dudng tron (O: R) duong kinh AC. Vé day BD vuong géc vai AC tai K
(K ndm gita A va O). Liy E trén cung nho CD (E khong trung véi C, D).
Goi H la giao dié¢m cua AE va BD.

a) Chung minh ur gidc CEHK ndi tiép.

b) Chimg minh AD” = AH.AE .

¢) Cho BD = 12¢m, BC = 10cm. Tinh dién tich hinh tron (O: R).

d) Pat BCD = . Trén nita mat phiang by BC khong chia diém A, vé tam
eidc MBC can tai M. Tinh s6 do géc MBC theo a dé diém M thudc
duomg tron (O: R).

Cho doan thing AB = 2a ¢6 trung diém O. Trén cing mot nira mit phing bo

AB dung nura dudmg tron (O) duong kinh AB va nira dudng tron (O') dudng

kinh AO. Trén dudmg tron (O') lay diém M (khdc A va O), tia OM cit dudng

tron (O) tai C. Goi D la giao diém thi hai cia CA véi nura dudng tron (O).

a) Chimg minh tam giic ADM can.

b) Tiép tuyén tai C cta nira dudng tron (O) cat OD tai E. Xdc dinh vi tri
twong doi cua dudmg thing EA doi vai cdc nira dudng tron (0) va (O').

¢) Dudng thing AM va OD cit nhau tai H. Dudmg tron ngoai tiép tam giic
COH cit nira duomg tron (0) tai diém thi hai 1a N. Chimg minh ba di¢m
A. M. N thing hang.

d) Tai vi tri ca M sao cho ME song song vGi AB. Hiy tinh doé dai doan
thing OM theo a.

Tir diém A & bén ngoai dudng tron (O) ké hai tiép tuyén AB, AC vai duimg

tron. Tir mot diém M trén cung nho BC ké mat tiép tuyén thir ba ciat AB. AC

lan luot tai P, Q.



a) Chimg minh rang khi dicm M chuyén dong trén cung nho BC thi chu vi
tam giic APQ ¢6 gii tri khong doi.
b) Cho biét BAC =60" vii bin kinh cia dudng tron (O) bang 6¢cm. Tinh do
dii cha ticp tuyén AB va di¢n tich phian mit phing duge giGi han bai hai
tép tuyén AB. AC vi cung nho BC.

27.  Cho ba diém A, B, C theo thit ty d6 trén mot dudmg thing véi AB = 2BC. Vé
hai nira duomg tron tam O va O ¢6 dudng Kinh ldn luot 1a AB va BC thuoc
cung mot nira mat phing ¢6 bd 1a AC, tiép tuyén chung ngodi ticp xic vai
nira dudmg tron (0) va nira duomg tron (O') ldn luot tai F va G, tiép tuyén nay
cit cie Liép tuyén vai hai nira dudng tron vé tir A va C theo thit tu tai D v E.
Tiép tuyén chung trong ¢ B cit DE tai L.

a) Chimg minh cic tam gidc O10', DOI, I0E la cic tam gidc vuong.

b) Tinh Bl. GE va AD theo O'C = R.

¢) Tinh dién tich hinh thang ACED vi dién tich phan ¢ trong hinh thang nay
nhung ngodai hai nira hinh tron theo O'C = R.

Chuyén dé 15
QUY TICH VA DUNG HINH

A. Kién thire cdn nhé

1. Cdc quy tich co ban

D¢ tim quy tich (tap hop diém) trong mat phing, ngudi ta thudmg dua vio cic quy
tich co ban. Ta c6 mot s6 quy tich co ban sau day:

Quy tich I: Quy tich nhimg diém cdch déu hai diém A va B ¢6 dinh la dudng trung
truc cua doan thang AB.

Quy tich 2: Quy tich nhimg diém cich déu hai canh cia mot goc 1a duong phin
gidc cia goc do.

Quy tich 3: Quy tich nhimg diém cédch déu dudmg thing xy ¢6 dinh mot khodng bing
a cho trude 1a hai dudmg thing song song véi xy va cdch xy mét khoing bin$ a.

Quy tich 4: Quy tich nhimg dié¢m cich déu diém O c6 dinh mot khoiang R cho
trude 1a dudmg tron ¢6 tam 12 O va bin kinh bang R.

Quy tich 5: Quy tich nhimg diém nhin doan thing AB ¢6 dinh dudi mot goc «
khong doi (0 < a < 180" 12 hai cung chira géc o dung trén doan thing AB.
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Dac biét, néu o =90" thi ta nhéan duoc:

Quy tich 5a: Quy tich nhimg diém nhin doan thing AB ¢6 dinh dugi mot géc

vuong la dudng tron duong kinh AB.

2. Cdc buwoe giai mot bai todn quy tich

Muén chimg minh quy tich (tap hop) cic di¢cm M thoa man tinh chit T la mot

hinh H nao dé6, ta phai chitng minh hai phan :

e  Phan thuan : Moi diém ¢6 tinh chat T déu thudc hinh H.

Gigi han: Can ¢ viio cdc vi tri dic biét cia M, xem diém M thudc ca hinh H
hay chi thuoc mot phiin H, cta hinh H.

e  Phdn ddo : Moi diém thuoc hinh H déu cé tinh chat T

e  Két lugn : Quy tich (1ap hop) cic diém M ¢6 tinh chit T la hinh H.

Trong cdc dé thi vao Igp 10, ngudi ta thudng khong yéu cdu hoc sinh phai lam cic

bai todn quy tich hoan chinh, ma chi hoi "Diém M ¢6 tinh chat a chuyén dong trén

dudmg nao ?". Trong truong hgp nay, ndi dung cia bai todn tuong mg vGi phin
thudn (kém theo gidgi han néu ¢6).

3. Cdc buoe dé gidi bai todn dumg hinh

Bai todn dung hinh (bing thudc va compa) ddy du gém bon budc:

e Phan tich: Gia sir hinh dé da dung dugc, trude hét vé phac mot hinh gan giong
hinh cdn dung trén nhitng nét co ban, khi can thiét phai vé thém nhimg dudng
lién quan, nghién ctu ti mi moi quan hé phu thuoc gitra cic diéu kién trong
hinh, dua vio dé xem nhimg yé€u t6 nao ciia hinh ¢6 thé dung duoc ngay, diém
ndo con phai dung thi phai thoa man hai diéu kién.

o Cdach dimg: Néu thir ty timg bude dung hinh dua vao cic phép dung hinh co
ban va cdc bai toan dung hinh co ban. Déng thdi thé hién cic bude dung do6
trén hinh vé.

e Chimg minh: Dung lap luan dé chimg minh hinh dung duge bang phuong phip
da trinh bay 12 hoan toan phi hop véi cdc di¢u kién di cho cua bai todn.

e Bién luan: Phan tich moi quan hé gitra cdc diéu kién da cho va hinh da dung
dugc. Chi rd trong trudmg hop nao bai todn dung duoc va dung dugc bao nhiéu
hinh thoa min diéu kién cia dé bai.

Trong chuong trinh todn Trung hoc co s&, chi yéu ciu hoc sinh trinh bay hai

phin : cich dung va chiing minh. Trong mot s6 truong hop, bai todn dung hinh |4
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mot trong nhi¢u cau cua bai todan. Khi do, dé giam nhe yéu cdu cha bai todn dung
hinh, trong dé todn thudng chi néu cich dung (¢6 vé hinh minh hoa).

B. Mot sé vi du
Vi du 20. Cho AABC néi tiép duong tron (O) duong kinh BC. Trén cung nho AC
lay diém M. Goi I, K lan luot la trung diém cia AM va AB, dudng thang IK cit
CM tai H. Tim quy tich diém H.

Giai (h.23)

Phan thuan. Gia s diém H thoa min diéu
kién dé bai, ta cé:

x

IK la dudng trung binh cua tam giic ABM
= IK // BM.

Ma BMC=90° = KHC = 90" = H thuoc
dudng tron (O,) dudmg kinh KC

= H € (0,), ngoai ti¢p AACK ¢0 dinh.
GidGi han : Khi M tién 16i diém A thi H tién 16i y
diém A, khi M tién t6i diém C thi H tién 16i Hinh 23

diém H, la giao diém thir hai cua dudmg tron (O,) véi tiép tuyén xy tai C cua
dudng tron (0), suy ra diém H thuoc cung AH,,.

Phdn ddo. Ly diém H bat ki trén cung AH,,. Ta phai chimg minh tén tai diém M
thuéc cung AC cua dudng tron (O) ¢6 diém I 1a trung diém AM va KH di qua
trung diém I cia AM. Ké CH cit dudng tron (O) tai M, MA cat HK tai I. Ta ¢6
KH // BM (vi cung vudng géc vai CM). Trong AABM c6 KB = KA, KI // MB =
Al = ML

Két ludn. Quy tich nhimg diém H thoa man diéu kién cta bai todn la cung AH,
cta dudng tron duong kinh CK.

Vi du 21. Cho tam gidc can ABC (AB = AC > BC) n6i ti€p dudng tron (O) va mot
diém M bat ki trén cung nho AC. Tia Bx vuong géc véi AM va cit CM tai D.

a) Chimg minh AMD = ABC.

b) Chimg minh rang tam giic BMD can.

¢) Chimg minh ring khi M di dong trén cung nho AC thi do I6n géc BDC khong
déi va D thuoe mot dudng tron ¢o dinh.

d) Xd4c dinh vi tri cia M dé uf gidc ABMD I hinh thoi.
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Giai (h.24)

a) AMD = ABC (vi ciing bii véi AMC).

b) Ta ¢6 AMB=ACB (g6c nd1 1Ep),

ABC = ACB (gid  thidt),
AMD = ABC = AMB = AMD.

ABMD c¢6 MA vira 1a dudng cao, vira la
duong phin gidc nén ABMD can tai M.

—

¢) * ABMD can tai M = BMC=2BDC

ma BMC = BAC = BDC =%.B’R¥:‘.

Vay khi M di dong trén cung nho AC thi do

I6n g6 BDC = % BAC khong doi.

Hinh 24

* ABMD cin tai M ¢6 MA [a duong cao = MA 1a dudng trung truc = AB = AD.
Viy khi M di dong trén cung nho AC thi D thudc duong tron (A: AB) ¢6 dinh.

Nhan xét. Ban c6 thé diing cung chira géc.

l —

BDC = = BAC khong ddi: B, C c6 dinh = D nhin BC dui mot géc khong

doi = D thudce cung chira goc %[ﬁ‘ dung trén doan BC.

d) Goi I Ia giao diém cia Bx va AM. Vi IB = ID vi AM L BD nén ABMD Ia hinh
thoi khi va chi khi IA = IM <> A BAM cin tai B <> BO L AM < M d6i ximg v6i

A qua duong thing BO.
Vi du 22. Dung tam gidc ABC biél

A =60", duong cao AH = 4cm,
dudng trung tuyén BM = 3cm.

Gidi (h.25)
Phan tich. Gia st A ABC dung

duoc thoa man dé bai A = 60",
dudng cao AH = 4cm, dudng
trung tuyén BM = 3cm.
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Ke MK L BC suy ra MK la dudmg trung binh ciia AAHC = MK =

AH=2cm.

b2 | —

A BMK dung duoc vi biet : K =90°; MK = 2em: BM = 3em .

Di¢m A thoa min hai diéu ki¢n :

* A thude cung chita géc 60” dung trén doan thing BM.

* A thuoce dudng thing d // BK va cich BC mot khoang bing dem.
Tir d6 dung duoc diém C.

Cach dimg:

Dung A BMK v6i K =90%: BM = 3em; MK = 2¢m.

Dung cung chita géc 60" dung trén doan thing BM (khic phia véi BK).
Dung dudmg thing d // BK va cich BK 1a 3¢m.

Goi A la giao diém cia d va cung chita géc 60",

C la giao di¢m cua AM va BK, khi d6 AABC 12 tam gidc phai dung.

Chitng minh: Theo cich dung A =60";AH =4cm .

A CAH ¢6 MK // AH va MK= %.AH = CM =§.CA.

Tu do suy ra BM la duong trung tuyén, BM = 3cm, thoa min diéu kién dé bai.

Bi¢én luan: Bai todn ¢6 hai nghiém hinh.

C. Bai tap

28.

Cho tam gidc ABC nhon néi tiép trong dudng tron (0). Goi I 1a trung dien:
cua canh BC, OI kéo dai cat duong tron (O) tai M. Hai dudmg cao AD va CL
cit nhau tai H, n6i ED, kéo dai AD cat dudng tron (O) tai F.

a)
b)

C)

d)

Chimg minh diém M nam chinh giita cung nho BC.

Chimg minh tia AM vira 1a phan gidc cia goc BAC vira la phan gidc cua
g6c FAO.

Chimg minh H va F doi ximg véi nhau qua canh BC.

Tir d¢ bai va cdc ching minh trén suy ra cich dung tam giic ABC noi
ti€p dudng tron tam O, bdn kinh bing 2,5¢m; biét BC = 4em: géc gitra
dudng phan gidc cla géc A va dudmg cao xudt phdt tir A bang 15", V¢
hinh minh hoa.
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29,

30.

31.

96

Cho hinh thang ABCD (AD // BC vii AD > BC) noi ti€p duong tron tam O.
cic canh AB, DC kéo dai cit nhau tai di¢m 1. Cic ti€p tuyén cua dudmg tron
tam O tai cdc diém B, D cit nhau tai diém K.

a) Ching minh ring goc IBK bing géc CDK.

b) Ching minh IK // BC.

¢) Hinh thang ABCD phai théa min diéu kién gi d¢ uf gidgc AIKD la hinh
binh hanh? Tai sao? V& hinh minh hoa.

d) Cho truée dudong tron tam O va mot day BD (khong di qua O). Hay dung
hinh thang ABCD noi tiép duong tron tam O sao cho uf giiic BIKC (thoa
min cdc diéu kién trén) 12 hinh binh hanh. V& hinh minh hoa.

Cho ba diém A, B, C thing hang theo thir tr y vd mot dudng thing d vuong

gdc véi AC tai A. V& dudng tron dudng kinh BC va trén dé6 13y diém M bat

ki. Tia CM cit dudng thing d tai D. Tia AM cit dudng tron tai diém thir hai

1a N. Tia DB cét dudng tron tai diém thi hai 1a P.

a) Chimg minh ring ur giic ABMD néi tiép duoc.

b) Chimg minh tich CM.CD khong phu thude vao vi tri diém M.

¢) Chimg minh rang AD // NP.

d) Chimg minh rang trong tam G cua tam giic MAC thudc duong tron ¢o
dinh khi M di dong.

Cho duong tron (O; R) ¢6 AB la duong kinh ¢6 dinh, con CD la duong Kinh

thay déi. Goi d 1a tiép tuyén véi duomg tron tai B. Dudng thing AD. AC ciu

d lan luot tai Q va P.

a) Ching minh i gidac CPQD ndi ti€p.

b) Chimg minh trung tuyén Al clia tam gidc APQ vuong géc véi CD.

¢) Tim quy tich tam E ctia dudng tron ngoai tiép tam gidc CPD.

Cho nira dudmg tron (O) dudng kinh AB = 2R; OC la bdn kinh vudng géc véi

AB, Goi P 1a diém di dong trén doan OC (P khic C va O). Tia AP cit duong

tron tai M, tiép tuyén tai M véi dudmg tron cét dudmg thing OC tai D.

a) Chung minh tam gidc DMP cén.

b) Néu cdch dung diém P dé PO = PM, khi d6 xdc dinh do 16n cic géc cua
tam gidc AMB.

¢) Néu cich dung diém M dé MB = MP, khi d6 tinh dién tich tam gidc
AMB.

d) Ching minh tam dudng tron ngoai tiép tam gidc CMP nidm trén mot
dudng thang ¢6 dinh.



Chuyén dé 16
BAI TOAN CUC TRI HINH HOC

A. Kién thirc can nhé

1. Surdung moi quan hé gitra dudmg xién va duong vuong goéc.

Tir diém A & ngoai dudmg thing d ké AH vuéng géc véi d. Vi bat ky diém B trén
dudng thang d ta ¢6 AH < AB. Diu "=" xay ra khi va chi khi B trung véi H.

2. Sirdung quy tic ba diém.

V@i ba diém bat ki A, B, Cta luon ¢c6 AB < AC + CB.

Dau "=" xay ra khi va chi khi C la mot diém thudc doan thing AB.

3. Sirdung bat déng thitc trong dudmg tron.

Trong dudng tron, dudng kinh la diy cung 16n nhat.

4. Sirdung bat ding thic dai s6: véi x, y 1a cdc s6 khong am, ta c6:

X +y°
. 2 Xy.
5 : 4
. x;yzﬁfxy.
- 2
, Xty 2[x+y) S
2 2

Dau "=" xay ra véi cdc bat dang thitc trén khi x = y.

B. M6t s6 vi du

Vi du 23. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Mot dudng thing d
thay doi di qua A cit dudmg tron (O) va (O') 14n luot tai M va N (A nam gitta M
va N).

a) Chimg minh ring géc MBN c¢6 gid tri khong déi.

b) Tim vi tri cha dudng thing d dé chu vi tam gidc MBN 16n nhat.
¢) Tim vi trf cha dudng thing d dé dién tich tam gidc MBN 16n nhat.
Giai (h.26)

a) Xét(0),tacé AMB =%H6‘E khong déi.

Xét (0'), ta c6 ANB = -;-AO‘B khong déi.
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—

Suy ra AMB +ANB = —.(AOB+AO'B) khong déi.

i
2
Xét tam gidac MBN c¢6

MBN + AMB + ANB =180°.

Suy ra MBN khong déi.

b) Ké dudmg kinh AC ciua dudng

tron (O), dudng kinh AD cia

duong tron (O') = C, D ¢6 dinh.

Ta ¢6 ABC =90% ABD = 90°

= C, B, D thing hang, Hinh 26

ma AMB = ACB: ANB = ADC suy ra AACD «> ABMN (g.g)

_ MN_BM _BN_MN+BM+BN
CD AC AD CD+AC+AD

Suy ra MN + BM + BN < CD + AC + AD.

Do dé6 chu vi tam gidc BMN 16n nhat bang chu vi tam gidc ACD khi BN la duong
kinh hay MN // CD.

<1 (vi BN < AD).

. (BNY
¢) Ta c6 ABMN «» AACD = Sauy _ ] <1.
Saco  \AD
Vay dién tich tam gidc BMN Ién nhat bing dién tich tam gidc ACD khi BN Ia
dudng kinh hay MN // CD.
Nhén xét. Khi MN thay déi, ta c6 MBN; BMN khong d6i nén ta ¢6 tam
gidac BMN luon tr dong dang véi chinh né. Mot tam gidc tu dong dang co
chu vi (hoic dién tich) 16n nhét (hodc nho nhét) khi mot canh 16n nhdt (hoac
nho nhat). Tir d6 ta ¢6 dinh huéng d€ chimg minh.

Vi du 24. Tim moét hinh chir nhét noi tiép dudng tron cé dién tich 16n nhit.
Gidi (h.27). Gia sir hinh chir nhat ABCD néi ti€p dudng tron (O; R).
Cach 1. Ké AH L DB. Taco SABCD= 2‘SABD
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Vay dién tich hinh chit nhat ABCD 16n nhat A
bang 2R* khi H = O hay ABCD 1a hinh
vudng.

Cach 2. AABC vuong tai B theo dinh Ii
Py-ta-go, ta ¢6: AB* + BC? = AC? = 4R? 5 ';l = B
Ap dung bat dang thic Co-si, ta co:

AB’ +BC? 4R’

2

Vay dién tich hinh chir nhat ABCD 16n nhit
bang 2R* khi AB = BC hay ABCD Ia hinh
vuong.

Sapcp = AB.BC < =2R?,

C

Hinh 27

Nhdn xét: Y wéng cua hai 15i giai trén 1a:

* Néu tam gidc ¢6 mot canh khong ddi thi dién tich 16n nhat khi dudng cao
img vai canh dé 16n nhat.

* Cdc yéu t6 vé canh c6 tdng binh phuong khong déi (t6ng hai canh khong
doi hoac tich hai canh khong déi) thi ta ¢6 thé van dung bt dang thirc

dai so0.
Vi du 25. Trén dudng tron (O; R) ¢6 day BC < 2R ¢6 dinh. Xéc dinh vi tri diém A
trén cung 16n BC dé: M

a) Chu vi A ABC 16n nhat.
b) Dién tich AABC 16n nhat.

A
Gidi
a) (h.28) Pat BAC =a. Vi BC ¢6 dinh nén
o khong doi. e

Trén tia déi cua tia AB lay AM = AC.

B C
Suy ra AAMC can tai A v

:ﬁ:E:lﬁj:lu Hinh 28
I 153 >

=> M thudc cung chita géc %a dung trén doan thing BC (phdn nita mat phing bés
BC ¢6 chira diém A).
Ta c6 chu vi AABC 1a AB + AC + BC = BM + BC.
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Chu vi AABC 16n nhit <> BM I6n nhilt <> BM la duong kinh cia dudng tron chia
cung chira géc -;—c: <BCM =90" <> AB=AC = AM.

Hay A la diém chinh giira cung 16n BC cta dudmg tron (O; R).
b) (h.29) Cdach 1. Ké AH L BC, OM L BC.

Ta cé S,pc =%BC.AH Q%BC.AM E%BC,(AO +OM).

Ma BC, AO, OM khong d6i nén dién tich  x T y

AABC 16n nhat bang %BC(AO +OM).

KhiH=M;A, O, Mthing hing <> A=T
1a diém chinh gitta cta cung 16n BC.

Cdch 2. Ké ti€p tuyén xy // BC ti€p xic vai
cung 16n BC tai T, khi d6 T 1a diém chinh

gitta cua cung Ién BC. B\. H M C
Néu A trung véi T thi AH la khoang cach v

gira xy va BC. Néu A khong tring véi T thi
AH nho hon khoang céch giira xy va BC. Hinh 29

Ma S,pc = —;-BC.AH nén Sype 16n nhét <> AH 16n nhit <> A tring véi T.

Vi du 26. Cho dudng tron (O) dudng kinh AB c6 dinh. Ly diém I nam gitra A va
O sao cho Al =-§~AO. Ké day MN vuéng géc v6i AB tai I, goi C la diém thy ¥

thudc cung 16n MN sao cho C khong tring véi M, N va B. N6i AC cit doan thing
MN tai E.

a) Chimg minh rang uf gidc IECB noi tiép.

b) Chimg minh ring AM? = AE.AC.

¢) Xdc dinh vi tri diém C sao cho khodng cdch tir N dén tam duong tron ngoai tiép
tam giac CME la nho nhat.

Gidi (h.30)
a) Ta c6 EIB =90%; ECB =90° = tif gidc IECB noi tiép dudmg tron dudng kinh BE.
b) Ta c6 AB L MN = AM = AN nén AMN = ACM.
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Lai ¢6 CAM chung nén AAME o

AACM(g.g)
=>A—M--£:> AM? = AEAC.
AC AM

¢) Trén nira mat phang by ME ¢6 chita
diém A, ta V& ti€p tuyén Mx clia dudng

tron ngoai tiép AMCE = EMx = ECM
ma EMA = ECM (chimg minh cau b)
= EMx=EMA = MA va tia Mx
tring nhau = MA Ia ti€p tuyén cuia

dudng tron ngoai tiép AMCE.

Hinh 30

Goi O, la tam duong tron ngoai tiép
tam gidc MCE = O;M L MA. Mat khic ta c6 BM L MA = M, O, B thiing hang
= NO, nho nhit khi NO, L BM. Khi dé ta xdc dinh duoc diém C nhu sau: Ké

NO, L MB tai O,. V& dudng tron tam O, bdn kinh O,M cat dudng tron (O) tai
diém thi hai 1a C.

C. Bai tap

Cho nura dudmg tron duong kinh AB = 2R. V& ti€p tuyén Ax. Liy diém M trén
nira dudng tron. Tia BM cit Ax tai C. Xdc dinh vi tri diém M dé 2.BM + BC dat

Cho nira dudng tron tam O dudmg kinh AB = 2R. Liy diém M thudc nira

Cho dudng tron tam O, dudng kinh AB = 2R va diém C thuoc nira duong
tron. Ké CH vuong géc véi AB tai H. Goi E va F l4dn luot 1 hinh chiéu cia H

33.
gid tri nho nhat.
34.
duong tron, vé MH vuong géc véi AB. Xdc dinh vi tri diém M dé:
a) Dién tich tam gidc OMH I6n nhat.
b) Chu vi tam gidc OMH I6n nhat.
35,
trén AC va BC. Tim vi tri cia diém C dé:
a) Do dai doan EF 16n nhat.
b) Tu gidc CEHF c¢6 dién tich 16n nhat.
36.

Cho doan thing AB va diém M nim giita A vd B. Trén cung mot nira mat
phing ¢6 bdr 1a dudng tha‘mg AB dung céc hinh vuong AMCD va MBEF. Hai
dudng thing AF va BC ciit nhau tai N.
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37.

38.

£ A

102

a) Chimg minh AF vuong géc véi BC. Suy ra diém N nam trén hai duong
tron ngoai tiép cac hinh vuéng AMCD va MBEF.

b) Chimg minh ba diém D, N, E thing hang va MN L DE tai N.

¢) Cho A, B ¢6 dinh con M di dong trén doan thing AB. Chimg minh
duong thing MN ludn di qua mot diém co dinh.

d) Tim vi tri diém M sao cho doan thing MN ¢6 do dai 16n nhat.

Cho dudng tron (O; R) va day cung BC < 2R ¢6 dinh. Goi A la diém di dong

trén cung 16n BC cia dudng tron (O; R) (A khong trung v6i B va C). Tia

phan gidc clia géc ACB cit dudng tron (O; R) tai diém D khéc C, ldy diém |

thuoc doan CD sao cho DI = DB. Dudng thing BI cat dudng tron (O; R) tai

K khic diém B.

a) Chimg minh rang AKAC can.

b) Chimg minh dudng thing Al luon di qua mot diém E c0 dinh, tir d6 hay
xdc dinh vi trf cha A dé do dai Al la 16n nhat.

¢) Tim vi tri cia A dé AABC ¢6 chu vi I6n nhat.

Cho dudng tron (O; R) va dudng thing d khong qua O cat dudng tron tai hai

diém A, B. L4y diém M nam trén tia d6i cua tia BA. K¢ hai ti¢p tuyén MC,

MD véi dudng tron (C, D la céc ti€p diém). Goi H 1a trung di¢ém cua AB.

a) Chimg minh ring cdc diém M, D, O, H cung nam trén mot dudng tron.

b) Doan thing OM cit dudng tron tai I. Chimg minh rang I 1a tam dudng
tron noi tiép tam gidc MCD.

¢) Dudng thing qua O vuéng géc véi OM cit cic tia MC, MD theo thit tu
tai P va Q. Xd4c dinh vi tri ctia diém M trén dudng thing d sao cho dién
tich tam gidc MPQ dat gia tri nho nhat.

Cho dudng tron tam O va dudng tron tam I ¢6 dinh cat nhau tai hai diém A

va B. Biét raing dudng tron (1) di qua diém O. V¢ hai dudng kinh AE va BF

cua dudng tron (0). Goi C 1a mot diém di dong trén cung EF cua duong tron

(0) (EF khong chita diém A) v6i C khic E va F. Pudng thing CO cit

dudng tron (0) va dudmg tron (I) 1an luot tai K va D (K khdc C; D khic O).

a) Chimg minh ring CAD + OBK =180".
b) Chimg minh K 14 tam dudng tron néi ti€p tam giic ABD.

¢) Xdc dinh vi tri cia diém C trén cung EF sao cho dién tich tf gidac ACBD
I6n nhat.



Puinea. MOT SO DE THAM KHAO

S AT

PESO 1

Bai 1. Thu gon céc biéu thiic sau:

) A=(V8+3)(V3-45)+ 12

=
B J3+4 3\@-4_
o) BhJs-zJi_ 23+l

c) C=\!x-2~fx—l —Jx—1.

Bai 2. Giai bai todn sau bang cdch lap phicone trinh hodc hé phicone trinh:
g ap | {3 ac hep Y

Thang trude, hai 16 san xudt duge 800 chi ti€t mdy. Théng ndy, t6 I vugt mic 9%,
t6 I vugt mitc 10% nén ca hai 16 da san xudt duoc 875 chi tiét mdy. Hoi théng
trudc mdi t4 da san xudt duge bao nhiéu chi tiét may ?

Bai 3. Cho céc dudng thang (d,) : y = (m = )x + 2,
(dy)):y=3x-m

a) Tim gid tri cha m dé (d,) // (d,).

b) Tim gid tri cia m dé (d,) va (d,) cit nhau tai diém M(5; 12).

¢) Vi gid tri vira tim dugc clia m & cdu b) thi (d,) va (d,) ldn lugt cét truc hoanh
tai A va B. Tinh dién tich tam gidc MAB.

Bai 4. Cho nira dudng tron (O; R) dudng kinh AB. Tiép tuyén tai C trén nira dudng

tron cit hai ti€p tuyén Ax, By ctia nira duong tron ldn luot tai D va P (C khic A

va B).

a) Ching minh tam gidc DOP vuong.

b) Goi E Ia giao diém clia dudng thing BP va AC. Chitng minh ring BP = PE.

¢) Chimg minh rang BD vuong géc véi OE.

d) Goi F la giao diém clia BD véi nira dudng tron (O; R). Chimg minh EF Ia tiép
tuyén cia nira duong tron do.

Bai 5. Cho x khong am. Tim gid tri nho nhét cta biéu thitc

16
P=x-4Jx + —
J;+3
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PE SO 2
J;+1 N l_+ X+2
X+vx +1 1—\/; x\f;—l'

Bai 1. Cho biéu thic P =

a) Rut gon P.

b) Chimg minh ring P < %

c) ﬁmxdé?=%

Bai 2. Gidi bai todn sau bang cdch lap phuong trinh hodc hé phicong trinh:

Quing dudng AB dai 60 km. Mot 6 16 chay lién tuc tir A dén B réi lai chay tir B vé
A hét tat ca 2 gidr 12 phit. Biét van t6c lic vé nho hon van t6c¢ lic di la 10 km/h.
Tinh van t6c hic di va lic vé.

Bai 3. Cho duong thing (d) : y = (m + 2)x + m +1 va parabol (P): y = - il

a) Chimg minh ring véi moi gid tri ctia m thi (d) luon di qua diém M(-1: ~1).

b) Tim gia tri cita m dé (d) va (P) ti€p xic v6i nhau. Tim toa do cua ti€p diém.

¢) Vé duomg thang (d) va parabol (P) ing véi gid tri cia m vira tim duogc @ cdu b).

Bai 4. Cho dudng tron tam O, dudmg kinh AB = 2R. Lay diém H thudc tia déi cua
tia BA, qua H dung dudng thing d vuong géc véi AB. Ldy diém C c6 dinh thuoc
doan thing OB (C khic O va B). V& mot day EF bat ki qua C, cdc tia AE, AF cat
dudmg thing d ldn luot tai M va N.

a) Chimg minh tir giac BEMH noi tiép.

b) Chirng minh rang AE.AM = AF.AN.

¢) Chimg minh ring khi EF thay déi thi dudng trdon ngoai ti€p AAMN luén di qua
mot diém ¢6 dinh khic diém A.

d) Cho biét AB = 4cm, HB = Iem, BC = lem. Tim gid tri nho nhat cua dién tich
tam gidic AMN.

Bai 5. Cho tam gidc ABC ¢6 ba gé¢ nhon. Chimg minh rang :
sinA + sinB + sinC < 2(cosA + cosB + cosC).
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PE SO 3

Bai 1. Cho biéu thitc P = thj; —2\[;;— 2Jx .
Wx-2Jy x-y ) Ta-yy

a) Rut gon P.
b) Choy> 0 vay =4x. Tinh gid tri ctia biéu thirc P.

¢) Timx,y dé P+%=2.

Bai 2. Giai cic phuong trinh va hé phuong trinh sau:
a) 8x% +2x — 1 = {);
b) x*-4x*-5=0:
o) Sx*-2/10x+2=0;
Sx+4y=13

{33( -2y =10.
Bai 3. Cho ham s6 y = (m — 2)x + | ¢6 d6 thi 1a dudng thang (d).
a) Tim cdc gid tri cia m dé ham s6 di cho 12 ham s6 nghich bién.
b) Tim céc gid tri cia m dé dudng thang (d) di qua diém M(2; 3).
¢) Xdéc dinh m dé khoang cdch tir goc toa do dén dudng thang (d) 1a 16n nhat.

Bai 4. Cho tam giic ABM can tai M, ndi tiép dudng tron tam O. Trén tia d6i clia
tia MB 14y diém C sao cho MC = MB. N6i AC cit dudng tron tai diém thi hai la
D. Goi E 1a diém d6i xiing cia D qua A.
a) Chimg minh ring: BEC = 2.ACB.

e o s BC?
b) Ching minh rang: CD.CA = 1
¢) Céc tia BE va MA cit nhau tai F. Chimg minh AE = EF va BF = AC.

d) Tam gidc ABM cin ¢6 thém diéu ki¢n gi dé ur gidc MDFE I hinh binh hanh ?

1 :
gy > — v@i a, b 1a cdc s6 duong.

Bai 5. Chimg minh ring; ———
. = 1fa(E'pa—hb)+,fb(3b+a) 2
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PE SO 4
Jx +2 _J;—ZJ{I_XE—Z:(—I}

x+2J;+l x-1 x2 =2x +1

Bai 1. Cho biéu thiic P =[

a) Rut gon P.

b) Tinh gid tri ctia Pkhi x =13-4/3.

c) Tim gid tri nho nhat cua P.

Bai 2. Gidi bai todn sau bang cdch lap phuong trinh hodc hé phicong trinh:

Mot ca n6 chay xudi dong va ngugc dong trén séng véi van tée riéng khong c!éi.

Néu ca nd chay xuoi dong trong 2 gid réi nguge dong trong 3 gidr thi duoc téng

cong 195 km. Néu ca n6 chay xuo6i dong trong 3 gio roi ngugce dong trong 2 gid thi

duoc tong cong 205 km. Tinh van téc riéng cha ca n6 va van 16¢ dong nudc.

Bai 3. Cho phuong trinh (m + l)x2 -2m-=-1)x+m-2=0. (1)

a) Giai phuong trinh khi m = 3.

b) Xdc dinh m dé phuong trinh (1) ¢6 hai nghiém phan biét.

¢) Xdc dinh m dé phuong trinh (1) ¢6 hai nghi¢cm phan biét théa man
4%+ X5 ) =Tx X5

Bai 4. Cho dudmg tron (O) ban kinh R va mot day BC ¢6 dinh (BC < 2R). Goi A 1a

diém chinh giira ctia cung nho BC. Lay diém M bt ki trén cung nhd AC, ké tia Bx
vudng géc vai tia MA ¢ I va cit tia CM tai D.

a) Chimg minh gé¢c AMD bang géc ABC va MA la tia phan gidc cia géc BMD.

b) Chimg minh A la tam dudng tron ngoai ti€p ABCD va géc BDC c6 do 16n
khong phu thudc vao vi tri diém M.

¢) Tia DA cat BC ¢ E va cit dudng tron (O) & F, chiing minh AB la tiép tuyén cia
dudng tron ngoai ti€p tam giac BEF.

d) Ching minh tich & = AE.AF khong déi khi M di dong. Tinh & theo bén kinh
R vagéoc ABC=a.

Bai 5. Cho (P): y = - x*. Pudng thing y = m cit (P) tai hai diém A, B. Tim m dé
tam gidc AOB déu va tinh dién tich tam gidc ABO.
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* A"

PE SO S5
Bai 1. Cho biéu thirc

N £+2+ x°=x-5 .x+4~f;+4
| Vx+3 (Vx+3)(Vx-2) | x+5Vx+6

a) Rut gon P.
b) TimxeZ déP<0.

¢) Tim cdc gid tri cha x va y sao cho: P.(x-4)+4y” —4xy+9+[2x -y -3|=0.

Bai 2. Giai bai todn sau bang cdch lap phicong trinh hodic hé phicong trinh:

Mot t6 cong nhan theo k& hoach phai san xudt 2160 sin phdm trong mot thoi gian
nhat dinh. Nhumg do méi ngay 16 dé da san xudt vuot mirc 8 san phdm nén di hoan
thanh k€ hoach sém duoc 3 ngay. Tinh ning xudt du dinh theo k& hoach.

Bai 3. Cho phuong trinh x* — (3m - 1)x + 2m®> = m = 0.
a) Chimg minh rang phuong trinh lu6n c6 nghiém véi moi m.

T b

b) Goi x,, X, la hai nghiém cta phuong trinh. Tim gi4 tri ciia m dé xf +Xx3;=2.

c) Tim gid tri nhd nhat cla t0ng x{ +x3.
Bai 4. Cho nira dudng tron tam O dudng kinh AB = 2R va C, D Ia hai diém di

dong trén nira dudng trdn sao cho C thuoc cung AD vad COD = 60° (C khdc A va
D khic B). Goi M la giao diém cua tia AC va BD, N 1 giao diém clia day AD va
BC. Goi H la trung diém ctia CD.

a) Chimg minh ur gidc CMDN noi tiép.
b) Chimg minh tng cdc khoang cich tir A, B dén dudng thing CD la khong déi.

R+3

¢) Goi I a trung diém cia MN. Chimg minh ring H, I, O thing hang va DI = 3

d) Tim gid tri 16n nhét cha dién tich tam gidc MCD theo R.
Bai 5. Cho x va y la hai s6 thuc khong 4m thoa mén x° + y2 =4,
Tim gid tri 16n nhat cta biéu thic :

A= _L.
X+y+2
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PE SO 6
VX x- x-—]J_[ 11 ]
Vx-2 x-2dx ) \Vx-2 Jx+1)

Bai 1. Cho biéu thirc P = 3.[

a) Rut gon P.
b) Chimg minh P> 2.

c) Timm dé ¢6 x théamin P.v/x =m.
Bai 2. Cho hé phuong trinh
mx-y=2 (1)
{x +my=5 (2)
a) Chimg to hé¢ da cho luon ¢6 nghiém duy nhit véi moi m.
b) Giai hé phuong trinh khi m = 2.
¢) Tim m dé h¢ phuong trinh ¢6 nghiém (x ; y) thda man x + y = 5.

Bai 3. Cho parabol (P): y= %xz

va dudng thing (d): y = x + 4.
a) V& do thi (P) va (d) trén ciing mot hé truc toa do.
b) Tim toa d¢ cdc giao diém cta (P) va (d) bing phép tinh.
¢) Tinh géc o tao boi dudng thing (d) va truc hoanh.
Bai 4. Cho nira dudng tron (O) dudng kinh AB. Diém C thudc nira dudng tron (O)

(CB < CA, Ckhdc B). Goi D la diém chinh giita cia cung AC, E 12 giao diém cta
AD va BC.
a) Chimg minh tam gidc ABE can tai B.
b) Goi F 1a diém thudc dudng thing AC sao cho C la trung diém cta AF. Chimg
minh EFA = EBD.
¢) Goi H la giao diém cia AC va BD, EH cit AB tai K, KC cit EF tai 1. Ching
minh ring i gidc EIBK noi tiép.
HF EI EK

d) Chimg minhring — =—+—,
) 5 ' gBC Bl BK

Bai 5. Gidi phuong trinh 10vx* + 1 =3(x? +2).
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(Thi tuvén sinh lop 10. THPT Thanh phé Ha Néi, nam hoc 2012 - 2013)

Bai I (2,5 diém).

\/;4-4
\f;+2

2. Rut gon biéu thirc B = [

1. Cho biéu thitc A =

. Tinh gid tri cha biéu thic A khi x = 36.

Jx 4 }x+16

(voi x 20, x # 16).

Jx+3 Jx—4) Jx+2

3. Véi cdc biéu thiic A va B néi trén, hdy tim gid tri nguyén cta x dé gid tri cla
biéu thirc B(A - 1) 1a s6 nguyén.
Bai Il (2,0 diém). Gidi bai todn sau bing céch lap phwong trinh hodc hé phicong trinh:

: - : 7 — N :
Hai ngudi ciing 1am chung mot cong viéc trong T gid thi xong. Néu moéi ngudi
lam mot minh thi thai gian d€ ngudi thit nhdt hoan thanh cong viéc it hon ngudi
thir hai Ia 2 gio. Hoi néu lam mot minh thi méi ngudi phéi lam trong bao nhiéu gid
dé xong cong viéc.

Bai III (1,5 diém).

r

_%.1.1:2
: X Yy
1. Giai hé phuong trinh: <
LS B
t.x y

2. Cho phuong trinh: x> —(@m-1)x+3m?>-2m=0 (4n x). Tim m dé phuong
trinh ¢6 hai nghiém phan biét x,, x, thoa man diéu kién }cl2 - :u:z2 =7.
Bai IV (3,5 diém). Cho dudng tron (O; R) dudng kinh AB. Bédn kinh CO vuong

goc véi AB, M la mot diém bat ki trén cung nhd AC (M khdc A va C), BM cit AC
tai H. Goi K 1a hinh chiéu cua H trén AB.

1. Chimg minh uf gidc CBKH la ur gidc noi tiép.
2. Chimg minh ACM = ACK..

3. Trén doan thang BM ldy diém E sao cho BE = AM. Chimg minh tam gidac ECM
la tam gidc vudng can tai C.
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4. Goi d 1a ti€p tuyén ctia dudng tron (O) tai diém A. Cho P 1a mot diém nidm trén
d sao cho hai diém P, C nam trong cing mot nita mat phing bs AB va
AP.MB

=R . Chimg minh dudng thing PB di qua trung diém ctia doan thing HK.

MA
Bai V (0.5 diém). Véi x, y 1a céc s6 duong thoa man diéu kién x > 2y, tim gid tri
ahd il chabidn e n = 2
Xy
PESO 8

(Thi tuyén sinh lop 10, THPT TP. Hé Chi Minh, nam hoc 2012 - 2013)

Cau 1 (2 diém) Giai cdc phuong trinh va h¢ phuong trinh sau:
a) 2x° - x-3=0.

2x-3y=17

3x+2y=4.
&) et =12=0.
d) x2-2V2x-7=0.
Cau 2 (/1,5 diém)
a) V& do thi(P)cuiahams6 y= &xz va duong thing (D): y = —Ex +2 trén cung

mot hé truc toa dob.
b) Tim toa do cic giao diém cua (P) va (D) & cau trén bang phép tinh.
Cau 3 (/.5 diém) Thu gon céc biéu thic sau :

1 2Jx

I Y -
A=x+ﬁ+x—l_x—\/; voix>0:x#= 1.
B=(2~J§]J26+15J§-(2+J§)J26—15J§.

Cau 4 (1,5 diém) Cho phuong trinh x* = 2mx + m — 2 = 0 (x 12 4n s0).
a) Chimg minh ring phuong trinh ludn ¢6 hai nghiém phén bi¢t véi moi m.

b) Goi x,, X, 1a cdc nghiém cta phuong trinh. Tim m dé biéu thirc
M=— :24 dat gid tri nho nhat.
X +X35 —6Xx,Xx,
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Cau 5 (3,5 diém) Cho dudng tron (O) va M la diém niam ngoai dudng tron (O).

Dudng thing MO cit (O) tai E va F (ME < MF). V& cit tuyén MAB va ti€p tuyén

MC ctia (O) (C la tiép diém, A niam giira hai diém M va B, A va C nam khdc phia

d6i véi dudng thing MO).

a) Chimg minh ring MA.MB = ME.MF.

b) Goi H la hinh chiéu vuong géc cia diém C 1én dudng thing MO. Chimg minh
tur gidc AHOB noi tiép.

c¢) Trén nira mat phing by OM ¢6 chira diém C, vé nira dudng tron dudmg kinh
MF; nira dudng tron nay cat tiép tuyén tai E cia (O) ¢ K. Goi S la giao diém
cua hai dudng thing CO va KF. Chimg minh ring dudng thing MS vuong géc
v6i dudng thang KC.

d) Goi P va Q lan luot 1a tam dudng tron ngoai ti€p cic tam gidc EFS va ABS va
T 12 trung diém cta KS. Chimg minh ba diém P, Q, T thing hang.

] * —
= b
PE SO 9
(Tuyén sinh lop 10, THPT chuyén Dai hoc s phan Ha Néi, nam hoc 2012-2013, vong 1)
Cau 1 (2 diém). Cho biéu thic:

a-b a-b a’ +b’ :
P= | —= VvGia>b>0.
[Ja-fb-i-sfa-b JaZ -b? —a+bJ 2

a) RuatgonP.

b) Bié¢ta—b = 1. Tim gid tri nho nhét cua P.

Cau 2 (2 diém). Trén quing dudng AB dai 210 km, tai cing mot thoi diém, mot
xe mdy khoi hanh tir A di vé B va mot 6 10 khai hanh tr B di vé A. Sau khi gap
nhau, xe mdy di ti€p 4 gid nira thi dén B va 6 t6 di ti€p 2 gio 15 phit nira thi
dén A. Biét ring xe mdy va 6 16 khong thay doi van téc trén sudt chiang dudng.
Tinh van téc cua xe mdy va cua 6 t0.

Cau 3 (2 diém). Trong mat phing toa do Oxy cho parabol (P): y = —x” va dudng

thing (d): y = mx — m — 2 (m la tham s0).

a) Ching minh ring khi m thay d6i, (d) luon cit (P) tai hai diém c6 hoanh do
phéan biét x,, X,.

b) Timm dé |x, —x,|=+20.

Cau 4 (3 diém). Cho tam gidc ABC. Dudng tron (®) ¢6 tam O va tiép xic véi céc
doan thang AB, AC tuong img tai K, L. Tiép tuyén (d) ctia dudng trdon () tai
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diém E thudc cung nho KL cit cdc dudng thing AL, AK tuong (ng tai M, N.
Dudmg thing KL cit OM tai P va cat ON tai Q.

a) Ching minh rang MON = 90° —%I:TRC .

b) Chimg minh ring cic dudng thing MQ, NP va OE ciing di qua mot diém.

¢) Chimg minh KQ.PL = EM.EN.

Cau 5 (I diém). Cho cic s6 thuc duong x, y thoa man diéu Kkién
Jg(x—y}=x+y.'[‘1m gi4 tri nho nhét ctia biéu thic P=x +y.

PE SO 10
(Tuyén sinh lop 10 chuyén tinh Ddéng Nai, ndm hoc: 2012 - 2013, vong 1)
Cau 1 (2,5 diém)
1) Giai cdc phuong trinh:
a) x* i |

b) Vx+1=x-1.

=3=1 ]

y—|x|=3. (2)

Cau 2 (2,0 diém) Cho parapol y = x” (P) va dudng thing y = mx (d), véi m 12 tham s6.
1) Tim cdc gid tri cha m dé (P) va (d) cit nhau tai diém c6 tung do bing 9.

2) Tim céc gid tri cia m dé (P) va (d) cit nhau tai hai diém ma khoang cich giira
hai diém nay bang V6 .

Cau 3 (2,0 diém)

1) Tinh P=[

11 ) V3-1

2-V3 2+43)3-3

2) Chimg minh a° +b® 2 a’b? +a’b*, biét rang a + b2 0.

Cau 4 (3,5 diém) Cho tam gidc ABC vuong & A, dudng cao AH. V& dudng tron tam
O, dudmg kinh AH, dudng trdn nay cét ciac canh AB, AC theo thit tu tai D va E.

1) Ching minh ur gidc BDEC la ur gidc noi tiép.

2) Ching minh ba diém D, O, E thing hang.

3) Cho bi€t AB = 3cm, BC = Scm. Tinh dién tich tr gidc BDEC.
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Puin son. HUGNG DAN GIAI - DAP SO

PAI SO

Chuyén dé 1
1. Truc can thic & méu réi tinh :

506+ 86 -2 63+V6)

5 2 3

=3J6 +3+4J6 -8+6+2J6 - 96 =1.
J_(I+ﬁ+\(_) Jg(\/5+ 3+\G)
(1+I)2—(J') (\/5+J§)2_(J§)2

_N20+2 +43) Y62 + V3 +V5)
i 22 2J6

=I+J5+J_—J_—J_—J5=I—J§
2 2
2.8) yB + V512 = JB =52 =3 +5) = (3 =V5)=245.
b) Y5 + V5 - 2 =5 + D5 - 1) =3 = 2.
3.a)(%/5+1]3+(%/E-|)3=(2+3%/Z+32/§+1)+(2-3€/Z+3%/§—1)

=4+6%5.

+ 4 +
- 6(3/_.1 ) si ) oo
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A= x3y - xy3 =xy(x +y)(x—-y) = («3.[1_ - Q/Z)Z?fiﬂf_ = 8(2%5 - é/f-_l)

2 x+|\f::—l|
4. P = =
GVx - DEx + 1)

|
DKXD:XEO;’H‘*;-

2\/;+ x —1
"J;—IEO > 1P = =
e Néu hay x 2 1 thi (3&—])(\/;+l)
3k - o
GVx -DWx +1)  Jx +1
2Jx = Jx +1
\f;-lc::(] i P = -
e Néu hay x < 1 thi (3&_1)(£+1)
B J;+l a |
Gl = Blx 1) Szl
4 1 |
i x=—<1thi P= - = |.
TR Bx =1 32
3
9 1 1 2
i x==>1thiP= = = —,
L Jx +1 3.1 3
2
5. PDEXD:x20;:x+4.
Pl
2) \/;+3'
b)x=\J(~/5+2)3-J(\/5-2)2 =5+2-5-2)=4 = Jx = 2.
P = 4.2 _g
Bodo 133 S5

4x
=2 < =2 o 4/x =2Jx + 6
C)P 2 \/;+3
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<:::-2\/;=6c>«[£=3

< x =9 (thoa man DKXD).

6.DKXD:x20:x#4:x#09.

a) P

b)P>0 < Vx >0 «:::-{

Jx
3-Jx'

—
—

J;;v{) x >0 ;
= 0 <9va 4,
S50 J;{BQ <X va X #

3-Vx 3-x
Jx Jx
P<cl & <l o&——=-1<0
©) P e 05
ddx =7 %lx -3
>0

o —<(0) &
3-Jx

Két hop véi diéu kién xdc dinhtac6 P< | <

J;:o%vé\/;:»B
J§<-§va\/§<3

GDEKXD :x20:x+#1.

a) P

X + 2 \/;—l

=

Jx -3

(2Jx =3>0vavx -3>0
2Vx -3<0vavx -3<0

—

x>§véx>9 x>0

L= 9
X<~-—

xcgvz‘cnx<9 4
4

x>0

0£x<:2.
4

——

+ ———.
Xvx + 1 x—wf;+l J;+l

1) 3
b)Taco VX 205 x = Vx +1 =(J__EJ +z>0nénP20dod6IPi=P.

e



Jx

2 2
Sy By RE ] 3

<:>2x—5\/;+2=0¢:>(2\/_—l)(\/;-—2)=0

1
< X = — hoic x =4.

4
Jx Jx

Pcl < - €] & -1<0
. x-\/?-l+l x-J;+l

J;-—x+ X =] --l[w./;—l)2
<> L <
x—\/;+l x—w/;+l
Bit ddng thic cudi cung ding (vix # 1) nén P< 1.
8. DPKXD:x20;x=1.

J;+2+x-\/;+6_x—l-x+\/;+2

0.

a) P = Wx +)Wx -1 (x+20x - 1)
sz;:Sl'
b)P=%-+[l+J§9+l ) X_HJIQH
P=J;H+J§9+1_2
922\/(\&+l). 9 Ty gl

X + 1
Vf‘)’minP=4khiJ;+l=J;9+]

<> X =4 (thoa man PKXD).

hay Wx + 1) =9 & Jx +1=3

Luu y : Phuong phdp tim gid tri nho nhat cua P trong cau nay la dung bat

ding thic Co-si (xem chuyén dé 6).

=1 x+8 (x-DEx+D _Jx-1

¢) PhP—— =—

x2+8x_\f;+l' x(x + 8) X
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Diéu kién bd sung 1a x = 0.

T B e el o,
X + 8x X
@&‘11»2‘:04:»234' x-—l<0

X

<0 20x —1<0Wivx +1>0)

X
e Wx + DEVX - 1)
X

X E & Két hop cac diéu kiéntaco 0 < x < %

Chuyén dé 2

9.a) Taco2x —S5y=3suyra x = 5y2+ 3.
Nghiém tdng quét ctia phuong trinh (1) 1a :
. 5t+3
(I .
y=telk

Mu6n ¢6 mot nghiém cu thé ta cho t mot gid tri nao dé rdi thay vao (I).

b) Tim nghiém nguyén cua (1)

Sy+3 4y+y+3
3 2

Mudn c6 gia tri nguyén cua x thi ta phai cé

=2y +

Tac62x-Sy=3suyra x =

3"+3=t (t e Z).

Suyray=2t-3 (t € Z).
Khid6x=2(2t-3)+t=5t-6.
Do d6 cong thirc nghiém nguyén cua (1) la:

5t =
= teZ)
y=2t—3

10. Taco 2x + Ty = 17|20 (5x - 3y + 19)°20
ma2x +7y- 17|+ (5x =3y + 19)? = 0 nén ta ¢6 hé phuong trinh :

y+3
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2x + 7y -17=0 X==2
&
5x-3y+19=0 y = 3.

11. Vix =2 la nghiém coa (1) nén 4 + (2a—-5).2 - 3b=0hay 4a - 3b =6.
Vi x =-3 la nghiém cua (1) nén 9 + (2a - 5).(-3) — 3b =0 hay 6a + 3b = 24,
Do dé ta dugc hé phuong trinh :

{43-31:):6 {a=3

—

6a + 3b =24 h=2.
12.DK: x# ty.

w ;
ey " 27a + 21b = 2 =
bat (I)f"E y ta dugc o 27
8la — 105b = -2 I
=b b=—
X—-Yy [ 21

xX+y 27 X+y=27 xm2a -
Suy ra < = L — 3 (thoa man DK).

13.
e Néu y > 2 thi hé phuong trinh da cho trd thanh :

3x-(y-2)=3@ 3x —y=1
6x + 5y =7 6x + Sy = 7.

Giai hé nay dugc y = % <2 (loai).

e Néu y < 2 thi hé phuong trinh da cho tr¢ thanh :

3x+y-2=3 3x+y=5 X =2
— e
6x + 5y =7 6x + 5y =7 y = -

14. a) Thay x = 4 vao hé phuong trinh da cho ta duoc :

12 + my =10 m=2
—
4 -y=35 y =-1.

1 (thdoa man DK).
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Vay khi m = 2 thi hé phuong trinh da cho ¢6 nghiém {x
b) Hé phuong trinh da cho ¢6 nghiém duy nhat khi :

%:Ehaymx—l

Xét hé phuong trinh :
S5x + 2y =32 x=6
=
X-y=3 y=1.
Thay x =6 ; y = | vao phuong trinh 3x + my = 10 ta dugc
3.6 + m = 10 suy ra m = -8 (thda man di€u kién m # -3).

Vay khi m = -8 thi hé phuong trinh da cho c¢6 nghiém duy nhat (6 ; 1) thoa mén
diéu kién 5x + 2y = 32,

15.DK : xyz#0

Viét hé da cho dudi dang
1. 1" 5
— - - ]
% B (1
(i)Jl.,.l:i (2)
£ ¥ 2
1 i1 3
—_—— —= — 3
x Z 2 %)
2[1+1.,,1]=u
X ¥z 3
l+l+i=_l._] (4)
X y z 6
Trir timg v€ cia phuong trinh (4) 14n luot véi timg vé€ cta hé (I) ta dugc
L
& x =2
<l=—suyra y=3
. =1
1 T
[
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Chuyén dé 3

16.a) Patx’ +x -l =tthix’+x+2=t+3

Phuong trinh da cho tro thanh t(t + 3) = 40

hay t* + 3t —40 = 0 c6 nghiém t, =5 ; t, = -8

-Vdit,=5th‘lx?‘+x-—l=5hayx1+x—6=0c6nghi¢mxl=2:x3=—3.

-Véil3=~81hix2+x-—i=—8hayx2+x+?=0,vf)nghi{:m.

Vay S={-3; 2}.

b) DKXD : x # 0.

) . ( 1)2_ 2 - R S

Patx+—=tthi|x+—| =t"hayx* + =1t -2,
X X X"

Phuong trinh da cho tr¢ thanh :

tz—2+21-6=Uhay12+21—8=0c6nghi{:mt,=2:l = -4,

[E¥]

o VGit, =2 thi x+l=2 & x =2x+1=0c6nghiém x = 1.
X

® VGit, =—4 thi x+-1-=—4<:>x2+4x+1=066nghi¢m
X

X =-2++3; x, =-2-.3.
VayS=(l:-2++08: -2~ 3.
17. a) Thay x = 3 vao phuong trinh (1) ta duoc
9+ 3(m = 5) = 3(m = 2) =0 hay 0.m = 0 diing véi moi m.
Vay x = 3 1a mot nghiém cua (1) véi moi gid tri cia m,
b) A=(m-5)*+12(m-2)=(m+ 1)~
Phuong trinh (1) ¢6 nghiém kép < (m + 1)>’=0m=-1.
c)Thay x =1 - V2 vao phuong trinh (1) ta dugc

(1-JE)2+(m—5)(1—Ji)—3(m-2)=0

4+ 33
e =1 +42.
2+J§

hay (2 + V2)m =4 + 3J2 ,din16i m =
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18. a) Phuong trinh x* + 5x + 6 =0¢6 A = | > 0 nén c6 hai nghiém phan biét.
Theo hé thitc Vi—ét 1a cé :
X +X=-5;X,X,=6
Do dé ::c,2 + x% = (X, + X)° = 2XjX, =(=5)*-12=13.
Tacé (x, - xzjl2 =(x; + x3)2 —4X,X, = (-5)°-24=1.
Suy ra x;, — x, = %I,
Vay xf - xg = (X) = X3)(X; +X,) =2 1.(-5)==5.
b) Phuong trinh 7x* - x + 2 =0 ¢6 A <0 nén khong ¢6 nghiém.
Do d6 khong thé tinh duoc gia tri cha céc biéu thic di cho.
19.a) Tac6 a=1++v2>0; c=1-+2 <0 neén phuong trinh (1) ¢6 hai
nghiém trdi ddu (hon nita vi S < 0 nén nghiém am ¢6 gid tri tuyét d6i 16n hon).

b)A'=11>0;P= % >0; S= _?8 < 0 nén phuong trinh (2) ¢6 hai nghiém dam

phdan biét.

)A'=0;S =22 >0 neén phuong trinh (3) c6 nghiém kép duwong.
. : |

20. a) Néu m = —4 thi phuong trinh trg thanh 14x — 2 = 0, ¢6 nghiém x = =
Né€u m # —4 thi (1) la phuong trinh bac hai.
A'=m®-4m + 17=(m-2)*+ 13> 0 véi moi m.
Vay phuong trinh (1) ludn ¢6 nghiém véi moi m.
b) Phuong trinh (1) c¢é nghiém x = 1
<a+b+c=0
om+4-2(m-3)-2=0<m=8.

c -2 -2 1

e T g

2l.a)A'=(m + !}2—2m£m2+ I > 0 suy ra dpcm.
b) X +X,==-2(m+ 1) =-2m - 2; x;X, =2m.
Do d6 x; + X, + XX, = =2 (khong phu thudc m)

Suy ra x, + X;X5 = —(2 + x,).
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Xo(1 +x))=-(2 +x,)

Xy = Lw— (vai x, = -1).
e | + X,

¢) A = X] +x3 =(x; + X))’ = 2x;%, = [-2(m + 1))’ - 4m

2
A=4m’+m+1) =4 (m+l] -
2) 4

2
A=4[m+iJ +323.
2
Do dé min A=3khi m =—%.

: 2
22. a) ® Néu m = 0 thi phuong trinh (1) tro thanh =5x — 2 = 0 ¢6 nghiém x = - 3

e Néu m # 0 thi (1) 1a phuong trinh bac hai,
A=(2m-5)> —4m(m - 2) = -12m + 25.

: 2
Phuong trinh (1) ¢c6 nghiém <> -12m+2520 <> m < 5

Két hop ca hai trudng hop ta dugc néu m < % thi (1) c6 nghiém.

b) Diéu kién dé (1) ¢6 hai nghiém phan biét 1a m < -1255 vam# 0.

5-2m m-2
;X|X2=-—'——.
m

Theo hé thic Vi—€ttacéd x; + x5 =

Do dé (6x, — 1)(6x,—-1)=-2
<> 36XX, = 6(X) +X,)+ 1 ==2
¢j36(m-2)_6(5-2m)+3
m m

=0

< 51m = 102 < m = 2 (théa min diéu kién).

X1 + X, =10 X, =8
1 2 P 1

23. a) Giai hé phuong trinh {
X5 =
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Do d6 m = 16.

b) Dicu kién dé phuong trinh c6 nghiém 1a A = 25 —-m 20 hay m < 25.

Taco xf + xg = 370

< (x) + xz)g‘—?:x,xz(xt +X,) =370

& 10° =3.m.10 = 370

<> m = 21 (thoa min diéu kién).

24. Tathdya-b+c=1+2m-2m+1=0

nén phuong trinh da cho ¢6 mét nghiém 1a -1

e Néux, =-1thix,=2m+ 1.

Theo dé bai ta c6 x, + 3x, = 14

<=-1+3Cm+ D=4 m=2.

® Néux,=~1thix; =2m+ 1

Theodébaitacéx, +3x,= 14 = 2m+1-3=14 > m=8.
Viym e {2; 8}.

25.2) A' = [=(m = 1))* = (m* + 4m + 13) = —6m — 12.
Phuong trinh (1) ¢6 nghiém <> -6m - 1220 < m < -2,
b) Phuong trinh (1) ¢6 hai nghiém am

a#0 1#0 , T
- b m< -
— % 1, &5 (m+2)2+9>0c:m<—2.
P>0 m° +4m + 13> 0
m <1
S <0 2(m-1)<0
Chuyén dé 4
26. Goi quang duong AM la x km (x > 0).
Goi quang duong MB la y km (y > 0).
Dén tGi hé phuong trinh :
(
o+t =2 x =6
/9 18 g ‘
E Y3 y = 24 (thoa man DK).
18 9




Viy quiang dudng AM dai 6 km ; quing dudmg MB dai 24 km.
27. Thoi gian 6 16 da di cho dén khi dudi kip xe mdy 1a:

11 -7 =4 (gid)
Thoi gian xe mdy da di cho dén khi 6 16 dudi kip 1a '

-
4 + — = — (210).
2@)

Goi vén toc 0 16 1a x (km/h) (x > 0).

Goi vin t6c xe mdy l1a y (km/h) (y > 0).
Dén 16i hé phuong trinh :

=y=10 x = 50
~t

4x -~ %y = y = 40 (thdoa man DK).

Vay van toc 0 16 1a 50 km/h ; van t6c xe mdy la 40 km/h.
Lucu y : Bai nay c6 thé giai bang cdch chon mot 4n so.
28. Goi van toc¢ riéng cua ca nod la x (km/h).
Goi vén toc dong nuée lay (km/h) (x >y > 0).
Din t6i hé phuong trinh :
{(x+y)+2{x—y}=]26 @{x=43
L5(x +y) + LL5(x — y) =129 y = 3 (théa man DK).
Viay vén toc riéng cua ca no la 43 km/h.
Vin téc dong nudce 1a 3 km/h.,
29. Goi thoi gian xe 1da di la x (gio) (x > 0).

3x + 1

Suy ra thoi gian xe I1dadi la x + % hay (gio).

Dén 16i phuong trinh :
150 150 150 450
- §5 & -

X 3x + 1 X 3x+1=
3

Tim dugc nghiém x, = 3 (thdéa man DK) ; x, = - ? (loai).

Viy xe I di di trong 3 gid ; xe I1 di di trong 3 git 20 phuit.
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30. Goi nang sudt du ki¢n 1a x (san phdm/ngdy) (x nguyén duong).
180 190 _
X X +8

Dén t6i phuong trinh :

< x% + 18x — 1440 = 0, ¢6 nghiém x, = 30 (thda man DK) ; x, = —48 (loai).
Vay nang suat du kién 1a 30 san phdm/ngay.
31. Goi nang sudt theo k€ hoach clia méi 16 12 x (san phim/ngay) (x : nguyén duong).
Goi thoi gian méi 18 phai lam theo k& hoach la y (ngay) (y > 3).
Suy ra s6 san phdm méi t6 phai 1am 1 xy (san phdm).
Dén t6i hé phuong trinh :
{(x+4){y-3}=xy+58 c}{—3x+4y=7’0
(x+3)y—-2)=xy + 54 -2x + 3y = 60.

x =30
=

y = 40 (thoa man DK).
Vay theo k€& hoach, méi té phai san xudt la :

30 x 40 = 1200 (san pham).

32. Goi thoi gian doi I 1am mot minh xong cong viéc la x giv (x > 4).
Goi thoi gian doi I1 lam mot minh xong cong viée lay gidr (y > 4).
Dén t6i h¢ phuong trinh :

e

:
4 x=6
@ -
. I y = 12 (théa man DK).

"t fun 9| ea
< |y < |-

Vay doi I lam mot minh xong cong viéc trong 6 gio ;
Poi IT 1am mot minh xong cong viée trong 12 gid.

33. Hai voi chay % bé hét 45 phit = % gio.
Vay hai voi chay ddy bé hét % : % = % (gid).

; : . i 2 s 15 .
Goi thai gian dé voi I chay mot minh ddy bé la x gio (x > E] dén t6i phuong

trinh :
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l l =—§-—®4x2—?x—15=0.
X xXx+2 15

c6 nghiém x, = 3 (théa man DK) ; x, = —% (loai).

Vay voi I chay ddy bé trong 3 gid ;
Voi I chay ddy bé trong 5 gid.
34. Goi chirs6 hang chuclax (x e N; 0<x £9)
Goichirs6 hangdonvilay (ye N;0<y<9).
Dén t6i hé phuong trinh :
X+y=9
100x + y = 9(10x + y)
X+y=9 x=4 .
— o (thoa man PK).
10x-8y =0 y=>5
Vay so phai tim 1a 45.
35. Goi chir s6 hang chuc lax (x e N,0<x £9), chitsé hang don vilay (y € N,
0<y<9).
Dan t&i hé phuong trinh:
{x+y=12 X +y=12 (1)
<>
10x +y-2xy+5=0 2%x2 - 15x + 7 =0 (2)

Giai phuong trinh (2) duoc x, = 7 (thdéa man DK) ; x, = ~;— (loai).

Suyray,=12-x, =5.

Vay so6 phai tim 1a 75.

36. Goi s6 san phdm t6 I phdi sdn xuat theo ké hoach 1a x (x nguyén, duong).
Goi s6 san phdm t6 II phéi san xuét theo k€ hoach 1a y (y nguyén, duong).
Dién t6i hé phuong trinh :

x8+y=1200 {x+y=1000
— —vy =69 8 6y = 6900
100 1007 e

x = 450
=
{}* = 550 (théoa man DK).

126



Vay theo k& hoach t6 I phai san xu4t 450 san phim ;
T6 hai phai san xuét 550 san phim.
37. Goi s6 hoc sinh tién tién la x (x nguyén, duong).
Goi s6 vo dé lam phdn thuéng 1a y (y nguyén, duong).
Dén t6i hé phuong trinh :
y=12x + 10 x =20
{y =13x - 10 - {y = 250 (thoa min DK).
Vay 16p d6 ¢6 20 hoc sinh tién tién va c6 250 quyén v dé 1am phén thudng.
38. Goi s6 hang ghé lic ddu 1a x (x nguyén duong, x < 25).
Dén t6i phuong trinh
418 360

s =1 ox*-56x+720=0,
X + 2 X

c6 nghiém x,; = 20 (thoéa man DK) ; x, = 36 (loai).
Vay lic dau ¢6 20 hang ghé.
39. Goi s6 san phidm phan xudng I 1am trong mot ngay 12 x (x nguyén duong).
Goi s6 san phdm phan xudng II 1am trong mot ngay la y (y nguyén duong).
Dan t6i hé phuong trinh :
{10:( + 12y = 940 - {x = 40
4x — 3y =25 y = 45 (théa man DK).

S6 san phdm phan xudng I lam trong 10 ngay la

40 x 10 =400 (san pham).
S6 san phdm phan xuong II 1am trong 12 ngay la

45 x 12 = 540 (san pham).

Chuyén dé 5

40. a) Vi do thi cha ham s6 y = ax + b song song v&i dudng thang y = Ex nén

2
a=-—.
3

Vi d6 thi cia ham s6 y=§x + b di qua diém A3 ; 4) nén 4=%.3+b

— 3 2
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Viy ham s6 cin xdc dinh la |

2
=—X + 2.
Y 3

b) D6 thi : xem hinh bén.

R = e

=Y

41. a) Vi a # 0 nén (d) cit truc tung tai P ¢6 tung do 1a —2 va cit truc hoanh tai

diém Q c6 hoanh do 1a E
a Yi

Xét A OPQ vuong tai O ¢6 6; = o = 45° nén

tam gidc nay vudng can.

SuyraOQ=0P=|-2|=2. .

Do dé6 ta tim dugc hoanh do cia diém Q :

v,

—=2=a=1.
d

1 1

b) Vé OH L PQ, ta ¢6 = +
OH? O0P? 0Q?

OH2=2 = OH = /2.

42.a) Do thictahamséy = ax’ di quaA(4:4)nénd = a4’ = a=

1
4

Viy hamsodachola y = -;-x?'.

b) Goi dudng thing (d) di qua A va tiép xic véi (P) tai Aldy=ax + b. (1)
Vi(d)diquaA4:4)nén4=a4+b=>b=-4a+4.
Do d6 (d) 12 dudng thing y = ax — 4a + 4.
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X¢ét phuong trinh hoanh do diém chung ctia (P) va (d) :
1
sz =ax —4a + 4 < x*—4dax + 16a—16=0,

A'=4a’ - 16a + 16 = 4(a - 2)%.

(P)va(d)tiépxice>A'=0<a=2.

Viy phuong trinh ctia dudng thang (d) 1 y = 2x — 4. (Hoc sinh tu vé hinh).

43. a) Xét phuong trinh hoanh dé giao diém cua (d) va (P) :

X*=-x+2 x>+ x -2=0, c6 hai nghiém x, =1 x, =-2,

Viy (d) va (P) cat nhau tai hai diém phan biét A va B.

Vix; =1>0;x,=-2<0nén hai diém A va B ndm v¢ hai phia cta truc tung.

b) Véix;=1ltacoy,=1= A(1; 1).

V6ix,=-21acéy, =4 = B(-2; 4). ”

Ta cé : al

AB’=[1 - (-2)] %+ (1-4)’=18.

OA’=12+1%2=2

OB’ =22 + 42 =20.

Vay OB® = AB? + AQ?

= A AOB vuong tai A.
OA.AB

y 4
A2
2
44. a) Ta viét (d) dudi dang y = —ax + 1.
Xét phuong trinh hoanh do giao diém cta (d) va (P) :

L8
-

SaoB =

——

..L. -I-o.--- - -

===

=
A

= 3 (dvdt).

1 -
—x2 = —ax + lex“+2ax-2=0

2

A'=a’+2>0.
Do d6 (d) va (P) cit nhau tai hai diém phan biét.
b) Ta ¢cé

2 2 ; e
XA = —a—+a°+2; Ya=—ax, + 1
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[
Xp = —a++a” +2 yg=-axg+ L.

AB’ = (xg = X,)" + (¥ = ¥a) *

= (21/33 &2
=4(a’+2) +a’4(a’ +2)

=42 + 122> + 8 2 8.

Viy min AB = V8 = 2V2 (khia=0).

4

+ [-a(xg — x )

Chuyén dé 6
45. a) Binh phuong hai vé (do hai v& déu duong) ta dugce

> JYx+121ex+121ex20(ding).

b) Bat dang thitc da cho tuong duong véi
X+5>2Jx +4

X2+ 10x+25>4(x+4)c>x2+6x+9:>0

& (X + 3)° > 0 (ding vi x 2 0).

46. Ap dung bt ding thitc Co-si cho hai s6 khong am.
a) Tacé: a + b > 24/ab

b+c22Jbe
c+322£.

Nhan timg v& cdc bat ding thitc trén ta duoc :

(a + b)(b + ¢)(c + a) > 8Va’.b>.c> = 8abc.
(dau "="xayrakhia=b=c).

a 2b + 3¢ a 2b + 3¢ 1
+ > 2 ; =2.—
2b +3c¢ 4a 2b + 3¢ 4a 2

Diu "=" xay ra khi 2a = 2b + 3c.
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47. Tacé

i, 2, B,

1 2 3 200

=L}l'+~.;_ \;' Jl—) (Jllm JII02+'"+ﬁ)

100 50 hang 100 st‘: hang
>{'+‘+ }[ ! +')
\V100 V100 V200 v200 200 )
100 56 hang 100 56 hang
100 IO'D
il =10 + 5V/2.
V100 ~J

48. Ta co
| 1

N+2 v+

l |
Bl Ji+d5

1 1
V75 +J80 ~ J80 + V&1’
Cong timg v€ cdc bt ding thic trén ta duoc
> : + I + ..+ ! = §;.
V2+3 Ja+s J80 + V81
Tac6S>S,.
Suy ra2S> S, + S hay
>——l + - + . : - l
V+v2 2+43 \ﬁ+\/a_l Jﬁ+~/8_0 V80 + 81
25> V2 =1 + 3 -2 + Va4 -3+ ..+ /80 - V79 + /B - V80
28 > 81 - 1 =8.

Do dé6 S > 4.
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49. Ap dung bit ding thitc Co-si cho hai s6 khong am, ta c6 :
ab

ab -1 =ay(b - .1 < b"'*' -
a=1+1 . @

2 2"
Cong timg vé& cdc bat ding thic trén ta duge :

aq./b—l+b a—-1<ab.

b-1=

a-1=

bya—-1=>bya-1).1<b.

Diu "=" xay ra < { <a=b=2.

50. Chia ca hai v€ clia bét ding thic cho vab > 0 ta dugc :

Jc(a - ) \/c(b - c) <1
Jab

Jc‘b—n i1
b

2\b a )
cb-c l[c b=c) l[ C cJ
- < =| =+ ==l 4 =-=-—1.
a b 2\a 8 ) 2 a b

Cong timg v¢& hai bat ding thic trén ta dugc

&za'°+lib_°slz=L
b a a b 2

c ab
a+b

a—-¢c .¢c b-

Dau "=" xay ra khi =
a a

51.Taco:
x2—2x+5=(x— l)2+4>0.
x2-4x+7=(x—2)2+3>0.
2 -2x+5+(x*-4x+7)
2
Ap dung bt ding thitc Co-si cho hai s6 duong ta dugc

x> =3x+6 =
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\/(:Jut2 - 2X —+~5)(Ju:2 -4x +7) g5 2B WG
Nghi¢m cua phuong trinh (1) chinh 12 gid tri cha x dé dau "=" xay ra.
Trong bit ding thic trén, ddu "=" xay ra khi va chi khi
X-2x+5=x"-4x+7Tx=1.
Vay nghi¢m cua phuong trinh (1) lax = 1.

Chuyén dé 7

52. Giai bat phuong trinh (1) duoe x > %
Giai bat phuong trinh (2) duoc x < 3.
Vay%f:x«:l\’lernenxe i Ed i P

53. Dua bat phuong trinh di cho vé dang
(Sm-=1)x22(5m-1).

-Ndumz—;-thix22;
-Néum<%lhix<2;

e Néum = % thi Ox = 0, nghi¢m diing véi moi x.
54.2) Khi m = +/5 thi (1) 12 2/5x - 19 > x

<:>(2J_-l)x>19-=>x> 2 =2J3+].
0]5 o |

b)2mx - 19>x (1) & 2m=1x > 19 (%)

eNéu2m-1<0hay m < % thi (*) khong thoéa mén véi moi x > 1.

0N6u2m-l>0haym>lthix> s .
2 2m -1
2m -1
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D¢ (1) nhan moi gid tri x > 1 12 nghiém thi x, < 1.
Do d6 ta cé hé :
2m - 1> 0 |
m>—
19 P = 2 <&m2l0.
2m -1 m 2 10

Vay vdi m 2 10 thi (1) nhan moi gid tri x > 1 la nghi¢m.
55.2) A conghia ¢>25 - x> 20> x* <25 = -5 x <5.
Xed

l)}Bcénghialmxz—92(}c:>xzz9 ¢:>|:
x S-3.

¢) C ¢6 nghia <> A va B déu c6 nghia

-5<x<5
-5<x<5vaxez23 BEX 55

Ex a3 P "

[ -5<x<s5vixs-3 -5€x<-3

x<-3
§56.a)DK: x # %
6x+|<2<:>6x+]-2<0a 3 <()c:>x<:l.
3x -1 3x =1 Ix -1 3
b) bK : x # 4.

: 5 3 ¢
4x+‘55|¢4x+ 1<0 e x+)50
X =% X -4 X -4

[3x+920vhx—4<0 [x2-3vﬁx<4
— &> -3Sx<4,

g
x+9<0vax-4>0 xS-3vax>4

57.a) 1 g el
4

X <-4

b)ISx+7<3x-11=-3x<Xx+7<x -1 3 (vO nghi¢m).
X >—-=

2x - 5>x -1 x> 4
)2x-5|>x-1& =
. R 1 (R 4 % <



d) Binh phuong hai vé€ dugc :
x*-8x+16>4x2 +4x+ 1. x2+4x-5<0
Xx-1<0

SX-Dx+5<0 & &-j<x<l.
X+5>0

58.3)91(::-:2% DS:;ﬂxczl

b) 1/(5»: ~2 >4x +1 o |5x=2|>4x + 1.

SXx —2 > 4x + 1 e
& I 1
X -2<-4x -1 X < —.
9
>0
c)PK:x(x+6)20 b[x
X £ -0.
Khi dé
x2+6x}40¢x3+6x—40>0¢>(x—4){x+ 10)>0
X >4
Q -
[x < —10 (théa min DK).

Chuyén deé 8
59.a) A = —3(:{2 + 2X - %J =S a4 +5L5.

Vay max A =5 khi va chi khi x = -1,

2
b) B = —; £ = X 22 =48,
4x? - 5x + 3 ( sy 23 23
4 X"—J 4+ — ]6
8 |

Vay max B = 16 khi va chi khi x = —85-

; I (V~S0 A  R TR |
¢) Tacé x—\f::+5-J[wf_ 2}+42 :
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Do dé —[x - Vx + % < —é— suy ra max C =-—% khi va chi khi x = %

60. Xét biéu thie

3Xx + VX + 6 6 6
=3X + ==+ 1 22.13Jx. == + 1 =6J2 + 1.
Jx Jx \/ Jx

3x+\[_;+6

Jx

Viy max A = — (6v2 + 1) khi 3Vx =—}r o x=2.
X

Dodé A = - < -(6v2 + 1),

61. Coi (1) nhu la phuong trinh bac hai 4n x, tham s6 y.
Né&u ton tai cap so (x ; y) thoa mén (1) thi (1) phai cé nghi¢m.
Dod6A'20=36-2(-y+19)20=y21.

Viay min y = 1 khi (1) ¢6 nghiém kép x = -g- = 3.

CapsOcintimla(3; 1).

62. Goi a 1a mot gid tri cbua P. Biéu thic P nhan gid tri a khi va chi khi phuong
trinh sau ¢6 nghiém :

: 2x i )
X“ -2x +4

(I)c::vaxz-2(a+l)x+4a=0 (2)

e N¢u a =0 thi (2) 1a =2x = 0 ¢6 nghiém x = 0,
e Néu a # 0 thi (2) 1a phuong trinh bac hai.
XétA =-3a"+2a+1=3a+1)1-a)

(2) ¢c6 nghitm < A'20

& - L sa sl
Gid tri a = 0 ndm gitra —% va | nén khong thé 1a gid tri cdn tim.,

Do d6 minP = -% khi x 12 nghiém kép ciia (2), tic Ia
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max P = | khi x 1a nghiém kép cta (2), tic l1a

J(=a~1~I=l+l=2.
a ]

63. a) Ta c6 (am + bn)” < (a® + b%)(m? + n?)
& a’m? + 2abmn + b’n® < a’m? + a’n® + b’m? + b’n’
& a’n’ - 2abmn + b’m* 2 0
&> (an - bm) 2 0.
a b

Diu "="xdyra<>an =bm & — = —,
m n

Luu y : Bt ding thic trén duge goi 12 bt ding thite Bu-nhi-a-cop-xKki.
b) Ap dung bt ding thitc Bu-nhi-a-cop-xki d6i vai hai bo s6 (1 2) va (Vx ; \fy)
ta duoc

1+ 25) <2 2[5 + (]

<:>52$5(x+y)<::>x+y25.

Ix oy
2

Vaymin(x +y)=5khivachikhix=1;y=4.

64. Ap dung bt ding thic |a| — |b| < |a - b| ta ¢6
=X+3|-|x-4|<|x+3-(x-4)

A<T.

Diu "=" xdy ra <> oSx=1;y=4,

! ) X+32x-420
Déiu "=" xay ra <> > x24.
X+3sx-450

65.B=x2+3x+l=:nt2+l+3x+l 1
X 4 X 4

BZZ,’x l+3x +-£-—-— [dﬁu‘_"xaqux—l]
4 X 4 2
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- ]
B = 2,’4:&.1 = =4 ——]-=32.da'u"=" Xayra ¢ X = —.
x 4 4 4 2

VayminB=3Ekhix=l.
4 2
| X + 1 1 24x -1
66. C = x + = + +
X + 1 [25 x+lJ 25
24x —
C22x+1. I +_4x l(da’l’u"="x:‘1yrac:>x=4]
25 x + 1 25
24.4 —
Cead L= Gixsd)
5 29
7. .
&) ? (dau "=" xay ra = x =4).

)
Do ddé minC = -?l khi va chi khi x =4.

67. Ta co
LS Py [ e
zZ X % X
E+EZZ —E.ﬁ:b
X ¥ Xy
XY [E XY o
y Z y z

Cong timg vé ba bat ding thire trén ta duoc
2S22(x+y+z)=2a>S2a.

Do d6 min S = a khi va chi khi x = y = z=%.

68. Ta co

A_x2+3y3 _)t:3-1-9y3--6y2 _x3+9y2 _6y2

Xy Xy Xy Xy
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A 2«.}:{2.9}’2 - 0y

Xy X

(dau "=" xay ra < x = 3y).

Aae-f’—”(v‘.xz:sy)
3y

A 26-2=4(dau "=" xdy ra <> x = 3y).
Vay min A = 4 khi va chi khi x = 3y.

69. Taco
B=3:~:2-:-¢+i+l
9x 3
| I
=3X" -2X+ X+ — + =
9x 3

diu "=" xday ra < 1 &S X o

Viy minB = % khi va chi khi x = —;—

Chuyén dée 9

70. Goi s6 ¢6 ba chit s6 d6 1a abe. Ta ¢6

abc — cba = (100a + 10b + ¢) — (100c + 10b + a)
=99a -99¢c =99(a - ¢).

Viciacchirs6avaclacicchitsolénéna —c¢:2
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Do d6 abc — cba : 99 va abc — cba : 2,

ma (99 ; 2) = 1 nén abc — cba : 198.

71.Tac6A=1"+3+5+ ... +19°

=(P+19)+ @ +17) + (B + 15+ (P +13) + (@ + 11P)
=(1+19.a+Q@+1Db+G+15c+(7+13)d+O+11).e
=20(@a+b+c+d+e)trongdbda,b,c,d, e eZ.

Vay A : 20.

72. Tadatc,=a;-b;;cy=a,-b,; ... ;cg=a5—bs.

Tacécy+cy+ ... +c5=(a; = b))+ (a; —by) + ... + (a5 —bs)
=(a,+ay+...+ag)— (b, +b,+ ... +bg) =0.

Tong cia 5 s6 hang bing 0 thi phai ¢6 it nhat mot s6 chdn, suy ra ¢,.c,...cs : 2.
73. a) Khai trién réi thu gon cdc biéu thite (a + b)(b + ¢)(c + a) — abc

va (a + b + c¢)(ab + bc + ca) — 2abc dugc cdc két qua giong nhau.

b) Via + b + ¢ : 4 nén trong ba s6 a, b, ¢ it nhit cling c6 moét sé chan (vi néu ca
ba s6 a, b, ¢ déu 1¢ thi tdng a + b + ¢ 12 mot s6 1€, khong chia hét cho 4).

Suy ra 2abc : 4, dodé P : 4.

74. Véin € Z thi n°(n*> = 1) =n(n - 1)(n + Dn.

Tac6n(n-=1):2; (n+ Dn:2
Suy ra n(n = D)(n + Dn : 4.

Mat khdc, n(n — )(n + 1) : 3 ma (3;4)=1nén n*(n® - 1) } 12.
75.a)Pat 11...1 =a thi%9a+1=10".

S et
n

Taco6 M =11...111...1 + 44...4 + ]

e e — —
n n n

=al0"+a+4a+1

=a(a+1)+5a+1=9a%+6a+1=3a+ 1)

= 33...342.

[
n-1
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b) N=11..12.11...14 + 1

| S— S et
n n

Tadata=11..12 thib=11...14 =a +2.
e b
n n

Dodé N=a(a+2)+ 1=a"+2a+1=(a+1)? 12 mot s6 chinh phuong.
76. Gia st n> = abed = 100ab + cd = 100(cd + 4) + cd = 101cd + 400.
Suy ra 101cd =n® - 400 = (n —20)(n + 20).

Vin® la mot s6 ¢6 4 chir s6 nén n < 100.

Mat khdc, 101 la s6 nguyén td nénn + 20 =101 = n = 81.

Vay abed = 81% = 6561.

Thir lai : 65 - 61 =4,

Viy s0 cin tim 1a 6561.

77. Goi s6 chinh phuong cén tim 1a xxyy.

Tacé xxyy =1000x + 100x + 10y +y = 1100x + 11y
= 11(100x + y): 11

Do xxyy la s6 chinh phuong nén xxyy ©121.

Suyra 100x + y : 11 hay 99x + (x + y) : 11

Vigox :1lnén x + y:ll.
DoO<x+y<I18nénx+y=11I.

Khi d6 xxyy = 11(100x +y) = 11(99x + x +y) = 11(99x + 11) = 121(9x + 1).
Suy ra 9x + 1 1a mot s6 chinh phuong.

Thirtruc tiéptadugc x =7 ; y = 4.

Vay s6 cin tim 12 7744 = 887,

78.

* V6in 25 thi (n))* = (1.2.3.4.5...)" ¢6 tan cing 12 0 nén (n!)* + 7 ¢6 tan cing
1a 7, khong thé 12 s6 chinh phuong.

e Véin =0 thi (0!)* + 7 = 8, khong phii la s6 chinh phuong.
e VGin =1 thi (1!)* + 7 = 8, khong phii 12 s6 chinh phuong.
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e VGin=2thi (2!)* + 7 = 23, khong phai 1a s6 chinh phuong.

e VGin =3 thi (3!)* + 7 ¢6 tan ciing 1a 3, khong phii 12 s chinh phuong.

e VGin=4thi (4" +7c6tan cung la 3, khong phai lia s6 chinh phuong.

Tém lai, véi moi gid tri cta n thi (n!)* + 7 déu khong 1a s6 chinh phuong.

7, Xérday s67. 75 P T (1)

Diy nay ¢6 1001 s6. Dem chia méi s6 cho 1000 thi duge nhiéu nhit la 1000 s6 du
khdc nhau nén it nhét ciing tén tai hai s6 ¢6 cing s6 du. Goi hai s6 d6 1a 7™ va 7"
(1 €£n<m<1000).

Vay 7™ - 77 £ 1000 hay 7™(7™ "™ - 1) } 1000.
Mat khac (7" ; 1000) =1 nén 7™ ~ " = 1 : 1000.
Do d6 7" " chia cho 1000 du 1, nén né tidn cung 1a 001.

Dé thdy s6 7" " 1a mot s6 cua day (1).

80. Khi chia mot s6 cho 60 thi s6 ducé thé 120, 1, 2, 3, ..., 59.

Chia 60 s6 du nay thanh 31 nhém (31 long) : (1 : 59), (2 : 58), (3 : 57). ...
(29 : 31) : (0) va (30). Xét phép chia 32 s6 di cho cho 60 ta duge 32 s6 du (coi la
32 con tho). C6 32 s6 du ma chi ¢é 31 nhém nén ton tai hai s6 ¢6 s6 du thude cuing
mot nhém. Hai s6 du niy ¢6 hiéu chia hét cho 60 néu chiing bang nhau (hoic
thuéc nhém (0) hodc nhém (30), ¢6 tong chia hét cho 60 néu ching khic nhau.

HINH HOC
Chuyén dé 10
1. (h.31)
a) Tacé E

EBE = - sdEA + ~sdAD
2 2

=lsdE§ +lsdb_6 = Eﬁ
2 2

=> AEBF cantai E.

Hinh 31

Ta c6 DFA = FAB + DBA
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= FAC + DAC = DAF = A DAF can tai D.

b) Do DKC = ~sd DC + L sd AE= +sd DC + L sd BE = DFC
2 2 2 2

nén tr gidc DKFC noi tiép. Suy ra CKF = CDF = CAB.

Vay KF // AB.

¢) Chimg minh tuong tu, uf giac BEIF noi tiép va FI // AC.
Suy ra AIFK Ia hinh binh hanh hanh, ma AF la duong phan gidc [AK nén AIFK
1a hinh thoi.
d) Do tam gidc EBF can dinh E, tam gidc DAF can dinh D nén uf gidic AEFD Ia
hinh thoi thi diéu kién cin va du 1a AE = AD
) c;ﬁ:ﬁafﬁ:@@fﬁ:m.
Hay tam gidc ABC can tai A.
Gia sir AEFD 1a hinh thoi. Khi d6 tam gidc ABC can tai A va AE // BF.
Goi H la tam d6i xing cta hinh thoi. Ta ¢6:
SaerD = 3Sairk < Sagr = 3SAr < EH = 3IH.

Khi d6 I la trong tdm cta tam giic AEF nén AB di qua trung diém EF. Suy ra
AEBEF la hinh binh hanh (vi dd ¢6 AE // BF). Do d6 EF di qua trung diém cta AB.
Suy ra tam gidc ABC can tai C. Vay tam gidc ABC déu.

2.(h.32)a) A, = A, nén ) E
AD=DC= B, =B, ma ADB =90°

® '

=> BD la dudng phén gidc, déng thoi la
duong cao trong AAEB. Vay AABE cén ¥,
tai B.

b) AC, BD la dudng cao trong tam giac
ABE = K la truc tam = EK L AB. % )

A - B
AABE cién tai B c6 BD la duong cao

O

=> BD la dudng trung tuyén Hinh 32

== DA =DEB.

AAKF can tai A ¢6 AD la dudng cao = AD la dudng trung tuyén = DF = DK ma
AE L FK, tir d6 suy ra AKEF la hinh thoi.
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¢) Taco sinﬁ—.’;«‘fﬁ:E:E:l.
AB B 2

AABC ¢6 BK la duong phan gidc nén :I( = = =

hay AK = 2.KC.

3. (h.33) a) AIBN va AIMB c6 BIN

chung, [BN = IMB (géc tao bai tia
Liép tuy€én va diy cung)
=> AIBN »» A IMB (g.g)

IN IB

= —=—= [B* = IN.IM.
IB M

Tuong tu, ta c6 AIAN v»» AIMA (g.g)
— A% = IN.IM

=1A*=IB*=IA=IB :
b) Ta c6 NAB = AMN, NBA = BMN Hinh 33

— — ——

ma NAB + NBA + ANB = 180° = AMB + ANB =180°.

¢) Xét (0) ¢6 AMS = ABS (g6c noi tiép).

Xét(0)) ¢o AMS = NAB (h¢ qud géc tao bai tia ti€p tuyén va ddy cung), suy ra
ABS = NAB. Ma Al = IB; AIN = BIS = AAIN = ABIS (c.g.c)

— IN = IS = ANBS 12 hinh binh hanh.

4. (h.34) a) A IAB o AIKA (g.g) i S

= IA? = IK.IB.

b) Ta ¢6 1A = IM = IM? = IK.IB 0
ﬁ%=% ma MIB chung

nén A IMK o A IBM (c.g.c). M ‘ .

¢) AIMK o AIBM = IMK = IBM Hinh 34

ma IBM = BCK (h¢ qua gdc tao bai tia ti€p tuyén va day cung)
— IMK = BCK => AM // BC.
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d) AK L MB &> KAB+MBA =90° < KBM + MBA = 90°
<>KMA + MAB=90" <5 MK L AB < Bl 1 AM < BA = BM

<> AABM déu <> AM = R+/3.
3. (h.35) a) AIAB dong dang AICA (g.2)

5

=IA?=[BIC = I BIC = % khong di.

b) Tia DB cit AC tai K. Ta ¢6
BAD = BDA mat khic ACI =BAD nén
ACI =BDA .

Ta c6 ACI+ CAI = 90° A : D
nén BDA + CAI = 90" = DK 1 AC Hinh 35

tir d6 suy ra B 1a truc tam AABC.

AABC ¢6 BK, Al la dudng cao cit nhau tai D = D 13 truc tam cia AABC.

Vay khi dudng tron (O) thay déi thi true tam caa AABC 1a diém D ¢6 dinh.

¢) Goi H la giao diém cua tia AB va CD.

D' d6i ximg v6i D qua AC nén AADC = AAD'C (c.c.c)

—. E‘*E:ﬁ ma ABC = [BH va @+.ﬁ=l80°

nén AD'C +ABC =180° = ABCD' Ia tt gidc noi ticp.

d) cosCAI = % = CAl = 60° = ACAD déu. Do AADC = AAD'C nén AAD'C déu

= AD =CD =CD'= AD' =ADCD' 13 hinh thoi.

6. (h.36) a) Ta c6 ABO =90°, ACO=90", AHO=90° = A. H. B. O, C ciing
thuoe dudmg tron dudong kinh AO = BHA = BOA, CHA = COA mat khic AB,
AC 12 ti€p tuyén cla dudng tron (O) nén BOA = COA = BHA = CHA — HA Ia
tia phan gidc ciia BHC.

b) Goi giao diém cia BCva AO a1, ta ¢6 -

* AAIK v AAHO (g.g) = ALAO = AK.AH. (1)

* AABD v AAEB (g.g) = AD.AE = AB> = AC2. )
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e AAIC v AACO (g.g) = ALAO = AC%. (3)
Tur (1), (2) va (3) suy ra AK.AH = AD.AE.
¢) Tu AK.AH = AD.AE

2 2AH E H KN\D
— = .

AK AD.AE

Mat khdc ta ¢6 I
AD + AE = AH-DH + AH + HE = 2AH

.2 AD+AE 1 1
nén = .
AK AD.AE AD AE’ C

d) AABDmaAEB(gg):A—B—E 4)

AE EB Hinh 36

AACD » AAEC (g.g) = L @ (5)

AE EC

Tir (4), (5) valruy AB=AC, taco —E;-g=%=>BDEC CD.BE.

e) AABD »» AAEB (g.g) = Ll (6)

AB EB
AC CD
AACD w» AAEC —_—=— (7)
(g.8) = AE_EC
AD BD €D
- vl 1 (D valmmy AB=AC,tacé: — . . (8
Nhén v€& vai v€ cta (6), (7) va luu ¥ aco AE _EB EC (8)
Lai c6 ABKD v»n» AEKC (g.g), ABKE «»» ADKC (g.g), tacé :
BK BD BK BE

EK EC’ DK DC’

DK BD CD
ia tl “cua hai két qua trén ta dug = — , 9
Chia timg v€ cuia hai két qua trén ta dugc X Tc mE (9)
AD DK DE _DE
Tir (8 MNtacd: —=— = 1- =— -]
LR e e B AE EK

DE DE 1 1 2
= + = )
EK AE AE KE DE
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Chuyén dé 11

7. (h.37) a) CPO=CKO=90" (vi CP,
CK la tiép tuyén)

=» CPOK la ut gidc noi tiép. (n

b) IA=IB= 0Ol L AB

= OIC = OPC = 90"

=> CPIO Ia ur gidc noi ticp. (2) Hinh 37

Tu (1) va(2)suyra C, P, I, O, K cing nim trén mot dudmg tron dudmg kinh CO.

¢c) AP//CK = APK = PKC (so le trong) ma PAK = PKC (hé qua géc tao bai tia
tiép tuyén va ddy cung) = APK =PAK,

ma PAK = PBx; APK = ABK = CBx => PBx = CBx => diéu phai chimg minh.
——— —— C
8. (h.38) a) Ta c6 OMP = ONP =9(°

=> tr gidc OMNP noi tiép.

——

b) OMNP Ia tif gidic noi tiép = P, = N, .

-

AONC can (OC=ON) = C, =N,

= P =C,.

AOMC vd AMOP ¢6 COM = PMO =90°,
OM chung, f’: = a = AOMC = AMOP E P D F
= MP = OC = MP = OD. Hinh 38

Tit gidc MODP c¢6 MP // OD, MP = OD, MOD = 90°

= MODP 12 hinh chit nhat = MODP la tif gidc noi tiép.

Ma MOPN Ia uf gidc ndi tiép = O, M, N, P, D ciing ndm trén mot dudng tron.
¢) Tac6 COM = CND =90° => ACOM v ACND (g.g)

= CM.CN = CO.CD = 2R%.

Vay tich CM.CN = 2R? khong phu thudc vi tri M.

d) MODP 1a hinh chir nhat suy ra PD // AB nén P thudc dudng thing di qua D va
song song véi AB.
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9. (h.39) Ta ¢6 PA, PB la ti€p tuyén nén
PAO = PBO = 90°,
do d6 AOBP noi tiép. (D

Mt khic, BC // AD nén sd AB = sd CD

:m =sdAB;stD =5d‘—&-§'

Hay AIB = AOB => I va O Ia hai dinh lién
ti€p cung nhin AB dudi mot géc bang nhau.
Do d6 AOIB la ur gidc noi ti€p. (2)
Tur (1) va (2) suy ra A, O, 1, B, P cing nam trén mét dudmg tron.
10. (h.40) Ta c6 ADHE la hinh chir nhat nén A

fﬂ =ﬁ;. mat Khac IT, =E; (cung phu véi E

ﬁ;}:f—)‘;=a mﬁﬁ?«rﬁ.ﬁ‘ﬁ:l%“ I

Hinh 39

— C, +BDE =180, do d6 BCED Ia t gidc
noi tiép. (1)

Ta ¢6 BEF=90° ;BCF=90" nén BECF la Hink 40 ‘
tf gidc noi Liép. (2) F
Tir (1)va (2) suy ra nam diém B, D, E, C, F cing ndm trén mot dudng tron.

11. (h.41) a) Ap dung dinh 1i géc
ndi tiép chdn nira dudng tron, ta co:

ADB =90% ADC =90°.

Suy ra M+m=180°.

Vay B, D, C thing hang.

b) Ap dung dinh Ii géc noi tiép
chin nira duong tron, ta cé:

BFA =90°:CEA =90°;

Hinh 41
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suy ra BFC = BEC (=90°). Khi 6 E ; F 1a hai dinh lién tiép cing nhin BC dudi
moét géc biang nhau.
Viy ur giac BFEC noi tiép.

c) X¢ét tam gidc ABC ¢6 AD LBC; BF LAC; CE LAB. Suy ra AD, BF, CE la
ba dudmg cao. Viy chiing cit nhau tai mot diém S.

d) Ta c6 AEHF noi tiép nén EHF = FAB mat khac FAB = FDB = EHF = FDB
=HE//BC=:AD . LHE. (N

Van dung géc noi ti€p , ur gidc noi tiép ta cé: FDA = FBA = FCE = ADE

= DA la dudng phan giic ET)T— (2)

Tu (1) va (2) suy ra DEH can tai D suy ra DE = DH.

12. (h.42) a) CAD =90°, CED = 90° .

= uf gidac ADEC néi tiép. G

CAB =90°, CFB = 90° g
= ur gidc AFBC néi ti€p.

b) Tacé AAED v» AABG (g.g)

<
B

A D O

s BB oD o ADAR=ABAG
AB  AG
¢) Tir gidc ACED noi tiép = C, =E, . !
Tit gidc DFGE noi tiép = F, =E, . :
Hinh 42

Suy ra 6; =f-’; = AC//GF.
d) ABCD cé CA, BF, DE la duong cao = CA, BF, DE déng quy.

Chuyén dé 12
13. (h.43) a) DC la tiép tuyén ctia (O; R) = DCO =90 (tinh chat tiép tuyén).
Mat khdc DH L AO (gia thiét) = DHO = 90°

= DCO+DHO =180", ma hai géc & vi tri d6i dién, suy ra tf gidc DHOC noi tiép
dudng tron duong kinh DO.
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b) Vi DB, DC la ti€ép tuyén ctua dudng
tron (O; R) nén DB = DC va DE la tia
phéan gidc goc BDC nén DE cung la
dudng cao trong ADBC = DE L BC.
Hai tam gidc vuong HDO va EAO ¢6
chung géc nhon DOA
nén AHDOWAEAO (g.g)
Ll = L2 => OH.OA = OE.OD.
EO OA

c) ACOD vuong tai C ¢6 CE L DO
nén theo hé thire lugng trong tam gidc

vuong: Hinh 43

OE.OD = OC” = R? ma OE.OD = OH.OA (chimg minh trén)

— OH.0A = OC = OH.0A = OM?= 21 . OM .. ¥OA chung
OM OA

nén AOHM »» AOMA (c.g.c) = OMA = OHM ma OHM =90° = OMA = 90"
=» AM wvuong gbc véi ban kinh OM tai M. Vay AM 1a ti€p tuyén cua dudng
tron(O; R).

14. (h.44) a) (O)); (O,) ti€p xiic
ngodi tai A => O, A, O, thing hang
ma BC la ti€p tuyén chung

= 0,BL1BC,0,CLBC

= 0,B // 0,C

= BO,A +CO,A =180°.

—

Ta cd CBA =

—— —

1
EBOIA; BCA ==CO,A Hinh 44

— CBA +BCA = %(BO,A +COZA) =90 hay AABC vuong tai A.

b) AABC vuong tai A ¢c6 MB = MC nén MA = MB.
Xét AOBM va AO,AM ¢6 MA = MB, MO, chung, O,A =0,B
nén AO,BM =A0O,AM (c.c.c)
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= 0,BM = 0,AM = 0,AM =90"ma O,A Ia bén kinh = MA 12 ti€p tuyén ciia
dudng tron (O,).

Tuong tr ta ¢6 0,AM =90 ma O,A 12 bin kinh = MA ciing 12 tiép tuyén cla
dudng tron (O,).

¢) MA, MB la ti€p tuyén cua (O,) = MO, la tia phén gidc cua BMA .

MA, MC Ia tiép tuyén ctia (O,) = MO, la tia phan gidc cia CMA .

Ma BMA va CMA la hai géc ké ba = MO, L MO, hay géc O,MO, vuong.

d) Goi O 1a trung diém cua 0,0, = 00, = 00, = OM la bin kinh dudng tron

ngoai ti€p AO,0,M. (1)
Mait khiac O,0,CB la hinh thang (O,B // O,C) ¢c6 00, = 00,; MB = MC = OM Ila
dudng trung binh = OM // OB = OM L BC. (2)

Tir (1) va (2) suy ra BC la ti€p tuyén ctia dudmg tron ngoai ticp AMO, 05
15. (h.45) a) Tam gidac ABN c¢6 duong cao BM Q
dong thai 1a duong phan gidc nén tam gidc ABN

can tai B.

b) Vi P la truc tam cua tam gidc ABN nén

NP L AB = NP // AQ, do d6 APNQ Ila hinh
thang.

¢) Néu Q, M, K thing hang thi tir tinh chat géc

¢6 dinh bén ngoai dudng tron, ta ¢6 QM 1a V]
dudng phan gidc cua géc AQB. Mat khic, BM la
phdn gidc cua géc ABQ nén AM la phan gidc
cia géc BAQ, vo li. Vay ba diém Q, M, K
khong thing hing.

d) Tai diém M, ké tiép tuyén yMy' véi (O) sao
cho My va MA ciing phia véi dudmg thing MQ.
Ta c6 dudng tron ngoai ti€p tam gidic MNQ tiép
xtic vaoi (O) khi va chi khi yMy' tiép xic véi
duong tron ngoai ti€p tam gidic MNQ tai M. Hinh 45
Diéu d6 tuvong duong véi

NQM =NMy' < NQM = AMy <> NQM = ABM <> NQM = MBC
< MB = MQ < BC = NQ (vi AMNC can).
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Ma AB? = BC.BQ <> AB? = BC.(BN + NQ) <> 4R* = BC.(2R + BC)
& BC=R(+5 -1).

Viy véi BC = R(v/5 —1) thi dudmg tron ngoai tiép AMNQ ti€ép xic vGi dudng
tron (O).

16. (h.46) a) Ta ¢c6 BOO'=BCA (= % BOA): BO'O = BDA (=%BO'A)

= ABOO' v» ABCD (g.g).
b) Ta ¢c6 ABC = ACK:ABD = ADK
ma ACK + ADK +CKD =180"

=> diéu phai chimg minh.

¢) Vi IE // KD nén DIE = KDA ma
ABD = ADK => ABE = EID suy ra
wr giic BAIE nodi ticp, do do
BAE = BIE .

Tt gidc BCKD noi tiép nén BCD = BKD.
Mat khdc BIE = BKD do d6 BAE = BCA . Hinh 46
Tir d6 suy ra AE la ti€p tuyén cua dudng tron (O; R).

17. (h.47) a) Xét AABD c6 BC L DA,
CA = CD nén BC vira la duong cao vira la
dudng trung tuyén, do dé AABD can tai B.

b) CAE =90" nén CE la duong kinh cia
dudng tron (0) = C, O, E thang hang. o
Ta c6 CO la dudng trung binh cia AABD

= CO // BD = CE // BD.

Tuong ty, OE la dudng trung binh cua
AABF = OE // BF = CE // BF.

Suy ra B, D, F thing hang (theo tién dé Oclit).

D

E

Hinh 47 .

|
¢) Theo tinh chdt dudmg trung binh clia AABD ; AABF ta cé OC = % BD;OE = = BF

ma OC =OE = BD=BF = AB

152



= B la tam duong tron ngoai tiép AADF = BA la bén kinh.

Ma OB = AB - OA nén dudng tron ngoai ti€p A ADF ti€p xtc trong vdi dudmg
tron (O) tai A,

18. (h.48) a) Ta ¢c6 AOM + BON =90° -

d,

ONB + BON =90” = AOM = ONB. .
Mia MAO = OBN = 90"

=> AAOM o ABNO(g.g)

2
= A0 _AM L, AMBN=A0BO= AE

BN BO PRI " ¢ ~ s
b) Goi H I1a hinh chi¢u cia O trén dudmg
thing MN thi ta ¢6 cdc wr gidc OAMH;
OBNH noi tiép duge = K} = ﬂ,ﬁ: = I";Ih; mi

ﬁ; . ﬁ' =90 = K; N ﬁ: i Hinh 48

= AHB =90" = H thudc dudng tron dudng kinh AB, ma OH L MN => MN Ia
i€p tuyén cua dudmg tron (0).

Chuyén dé 13
19. (h.49) a) AOIC «»» AOBA (g.g2)

- 9 _OC _ 0BOC=010A.
OA

OB
Xét cdc gbe nodi tiép, ta ¢6

e

ICB = lAB, BCE = EDB

= [CB+ BCE = IAB+ EDB => ICE = EKA
= A AKE o AACI (g.g) = AK.Al = AEAC. (1)

b) Tir OB.OC = OL.LOA = R.R =0Il.2R = OI =—%.R. Hinh 49

Goi M, N la giao diém ctia dudng thing AO véi dudmg tron (O) (M ndm gilra A va N)
= AME = ACN => AAME v AACN (g.g) = AMAAN =AEAC.  (2)
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Tir (1) va (2) suy ra AK.AI = AM.AN = AK.%}- =R3R = AK = %

¢) Goi H 1a giao diém thit hai ciia dudng tron ngoai tiép AADE v6i AO. Ta cé:
AKHE «»» AKDA (g.g) = KH.KA = KD.KE
AKDN v AKME (g.g) = KN.KM = KD.KE

— KH.KA = KM. KN = KH.GTR= [%- R).(3R—6TR)

=KH= % => H ¢6 dinh = diéu phai chirng minh.

20. (h.50) a) T giac SEHF noi tiép vi H va E cung nhin FS duéi mot gée vuong.
b) Ta ¢6 AOHS v» AOEF(g.g) suy ra OH.OF = OE.OS.

Str dung hé thitc lugng trong tam gidc vuong
AOS ta c6 OE.OS = OA®

nén OH.OF = OA’ =R’

¢) Chitng minh cédc cap tam gidc dong dang:
e ASAD v ASCA (g.g) = SA*=SC.SD

o ASAE v ASOA (g.g) = SA% = SE.SO

e ASEI v» ASHO (g.g) = SI.SH = SE.SO
Tir d6 suy ra SI.SH = SC.SD.

d) Tir d¢ bai O, C, D c6 dinh nén H ¢6 dinh.

2

Tir cau b) suy ra OF = -(%I_l- khong déi. Vay dudng thing AB luon di qua diém co

dinh Ia F.

21. (h.51) a) ACD=90";AMD=90" = A, C, M, D cing thudc dudng tron
duong kinh AD.

b) MN Ila ti€p tuyén = NMK = ABM (gbc giira ti€p tuyén va day).
Ta lai c6: E;:é: (cung phu KI) ::»ﬁl =§;:>l:’:1 = NMK

= AMNK cin tai N.

¢) Tacé A COI vuodng tai C
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_3R? R3 R3

= IC? +C0O2 =01 = IC? =>IC=T=>CK=T.

Tacé A CAK «vn A CDB
vi ACD =BCD =90";A, =D, (ciing phu véi B, )
T 15 o Ve
CD CB
:CD.B-‘/—E=535=>CD=RJ§.
4 2 2
Do dé dién tich AABD la

- %AB.CD " %.ZR.RJg =R23.

Hinh 51

d) Goi E 1a diém do6i xing véi B qua C
suy ra E ¢ dinh va ABDE can tai D= E, =B, ma B, =K, = E, =K, .

Mat khic K, +K, =180° = E, + K; =180° = ut gidc AKDE noi tiép hay dudng
tron ngoai tiép A AKD luon di qua diém E ¢4 dinh.

22. (h.52) Goi giao diém cua dudng
thing OA véi duomg tron (0) 1a I, K

= I, K ¢6 dinh.

Goi giao diém cta dudng thing OA véi

dudng tron ngoai tiép AOMN la P.

Tir AAMI v»» AAKN (g.g) suy ra

AM.AN = AK.AL (1)

AAON v»» AAMP (g.g) suy ra

AO.AP = AM.AN. (2) Hinh 52
ALAK

Tu (1) va (2) ta c6: AO.AP = ALLAK hay AP = ma Al, AK, AO co6 dinh

= AP khong déi = P 1a diém c6 dinh.
23. (h.53) a) Xét AABD ¢6 BM L AD; DH L AB = C la truc tam => AC L DB ma
AE 1 BE (vi AEB=90") = B, E, D thiing hang.
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Tit gidc AMCH ¢6 AMC = AHC = 90" 5
=> AMCH noi ti€p dudng tron dudng
kinh AC = MAH = MCI (ciing b v6i
ABM) ma MI 1a tiép tuyén
= IMC = MAH = IMC = MCI

= AMClIcantail => IM=1IC, (1)
Ta ¢c6 MDI +DCM = 90°;
DMI + IMC = 90° Y, S RE— 8
mi DCM = IMC = DMI = MDI Hinh 53

=> AIMD can tai | = IM = ID. (2)

Tir (1) va (2) = ID = IC = IM.

ACDE vuong tai Ec6 IC=1ID = IC=ID = IE.

Tirdé ta cé IM = IE; OM = OE, Ol la canh chung suy ra AOEI = AOMI (c.c.c).

= OEl = OMI = OEI =90° = IE la ti€p tuyén ctia dudmg tron (O).

b) IM, IE 12 tiép tuyén ctia O = 10 L ME tai K.

AOMI ¢6 OMI =90 ; MK L OI nén OM? = OK.OI = OK.OI = R? khong déi.

Goi S la giao diém cia ME va AB. Xét AOKS va AOHI ¢6 OHI = OKS =90 ;
I0S chung => AOKS v AOHI (g.g) = OK.OI = OH.OS

2
— OH.0S = R*= 0§ = X
OH

Ma OH c¢6 dinh = OS khong d6i => S ¢6 dinh hay ME luon di qua diém S c6
dinh.

Chuyén dé 14

24. (h.54) a) Ta ¢6 HKC = HEC =90° suy ra tir gisc CKHE noi ti¢p dudng tron
duong kinh CH.

b) AOBD cén tai O ¢6 OK la duong cao nén OK ciing 1a duong phin gidc nén
lﬁﬂgaiza,m:ﬁ:@:,@,malkhéc DAE chung nén

AADH v AAED (g.g)
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:%:%: AD? = AH.AE.

¢) BD = 12cm = KB = 6¢cm

e ABKC vuong tai K = BK? + KC? = BC?
=36+KC? =100 = KC* =64 = KC = 8cm.
A ABC wvuong tai B ¢6 BK L AC
= BC?> =CK.AC = 100 = 8.AC

:;.Ac:?:oc:z;., Hinh 54

S

i o g g » 625 5
e Vay dién tich hinh tron 1a S= nR =-Erc (cm”).

e u_
d) ABCD can tai C = BDC = . ZBCD =900—%.

Mat khic, M € (O) <> BDCM noi tiép

< BDC+BMC =180" < BMC =180° - BDC os’nﬁ&:go%%

e 0— M (C
Ta lai c6 AMBC cantaiM = MBC = 150 ZBMC =g =

25. (h.55) a) Tam gidc OAC can

vd OD L CA nén AOD =DOM .
Suy ra AD = DM, do d6 AADM
céan tai D.

b) EA Ia ti€p tuyén chung cua hai
nira dudng tron da cho.

¢) Gia sit AM cit nira dudng tron
(O) tai X. Ta c6 H la true tam cia
AOAC, tir day chimg minh ur gidc
CHOX noi tiép, suy ra X = N. Hinh 55

d) Ké MP L AO. Gia si ME // AB, suy ra AEMO cén tai M va AEMP la hinh chit
nhat. Pat MO=ME =AP=x (x>0). Ta cé:
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J5=1

MO? = OP.OA = (OA — AP)OA = x* =(a—x)a = x = =~ "

26. (h.56) a) Ap dung tinh chit cta tiép tuyén ta cé:
AB=AC:PM=PB; QM =QC

Chu vi tam gidc APQ la: AP + PQ + QA

= AP+ PM + MQ + QA

=AP+PB+QC+ AQ=AB+ AC=2AC.

Vay khi M chuyén dong trén cung nhd
BC thi chu vi tam gidc APQ bang 2AC
khong doi.

b) BAC = 60° = BAO =30°.
Tacé A OAB vudng tai B
= AB = OB.cot30° = 64/3 = 643 (cm).

Hinh 56

Dién tich ni gidgc ABOC la: S, = 2.%013.;\13 =363/3 (cm?).

Ta c6 BAC = 60° = BOC =120°.
aR’n 7162120 _
360° 360

Vay dién tich phdn mat phang dugc gi6i han bai hai tié€p tuyén AB, AC va cung
nho BC la:

127 (cm?).

Dién tich hinh quat cuia BMC la: S, =

S=8, -8, =36V3-12n (cm?).
27. (h.57) a) Ta c6 10 la phan giic
cua Fﬁi I0" 1a phan gidc cua BIE
ma BIF;BIE Ia hai géc ké bd
= 10 L IO' = AOIO' vudng.
Ta c6 OD la dudng phan gidc cuia
AOF, OI la duong phan gidc cua
BOF ma AOF va BOF Ia hai géc ké A
bu = OD_LOI = ADOI vuong. Hinh 57
Tuong tu ta ¢c6 AIO'E vudng.

D

0 B % ¢
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b) Tac6 OC=R = OB=R = OB=0A = 2R.
AOIO' vuong tai I ¢6 IB L 00" = IB* = OB.0'B = 2R*
=IB=RJ2=IG=RY2.

AIO'E vuong tai O' ¢6 O'G L IF = 0'G? =1G.GE

— R? =RJ§.GE:>GE=RT‘E.

Tac6IF=1IB =RY/2.
AODI vuéng tai O ¢6 OF L DI=> OF> = DF.FI

— 4R? = DF.RV2 = DF=2R+2 = AD=DF=2R"2.

AD"}'CE.A

¢) * Dién tich hinh thang ACED Ia §, = C

Rv2
2R\5+-——J_ 15R2V2
=S, = - Z_6R = o=

* Dién tich nira hinh trontam O 1a S, = %K(ZR)Z =2nR?.

* Dién tich nira hinh tron tam O'1a S, = %TCRE .

Dién tich phdn nam trong hinh thang nhung nidm ngoai hai nira hinh tron la:
SR*(3v2-x)

2

84 =S] -(S:_) +S3)=

Chuyén dé 15

28. (h.58) a) ABOC céan (OB = OC) c6 OI vira 1a trung tuyén vira 1a dudng phan
giéc:::a; =(3::>m=ﬁ.

b) Vi BM = MC suy ra BAM = MAC (g6c¢ noi ti€p) do d6 AM la tia phan gidc
ciia BAC. .

Vi AD // OM nén m"l:m,mat khic AMO = MAO . Suy ra FAM = MAO
nén AM coOn la tia phén gidc cua FAO .
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¢) Ta ¢6 BCF = BAF (g6c noi tiép cung chin 5

gﬁ) va BCE = BAF (cung phu véi ABC ) nén

BCE = BCF . .

Mit khic HF L BC nén ACHF can. Suy ra : (

DH = DF, do vay hai diém H, F d6i ximg véi 1| 2

nhau qua BC. B : C
d) Dung dudng tron tam O bén kinh R = 2,5¢m &

e Dung BC =4cm;

e TirOké OM L BC véi M thudc cung nho BC: FoM

— Hinh 58
e Tiu M dung tia Mx sao cho OMx = 15° (theo

chimg minh trén), Mx cat dudng tron tai A;

e Noi AB, AC dugc tam gidc ABC cin dung. Ban doc tu vé hinh.
I K

29. (h.59) a) Ta c6 BC // AD suy ra
AB=CD (hai cung chin gira hai day
song song) = AB = CD.

Ta lai ¢6 B, = B, (d6i dinh). (1

—_—

B, la géc gira 1i€p tuyén va day AB

X

chan cung AB;

[3: la géc giira ti€p tuyén va diy CD A

chan cung CD, ma AB =CD suy ra

B,=D,. Q)

Tir (1) va (2) suy ra B, =D, (dpcm).

b) Ta c6 B nhin IK duéi géc IBK, Hinh 59

D nhin IK dudi goc IDK, ma IBK =IDK (cmt), suy ra tr gidc BIKD noi tiép
duoc, suy ra I( Da, (g6c ndi ti¢p chin cung BI). (3)

. E? (goc gilra ti€p tuyén va day BC va géc ndi tiép chin cung BC). (4)

e Tir(3) va(4) dugc K, = B;, , O vi tri so le trong, suy ra IK // BC.
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¢) Ta c6 IK // AD (vi ciing song song BC) nén AIKD la hinh binh hanh

¢ Al //KD ¢ IDK = AID < dczD SdAm02 sdBC

< AmD = BCD < AD = BD.
Vay diéu kién phai tim 1a AD = BD. Ban doc tur vé hinh.
d) Phan tich: Gia sir da dung duoc hinh, kéo dai KC cho gap (O) tai diém thit hai

— — —

E, ta c6: BC = AE (vi KC//IB). Ma AB = CD nén BCD = BC+BE = BAE, suy ra
BE = BD.

Cdch dimg: (Ban doc tu vé& hinh) Dung day BE = BD (t6n tai vi BD khong chita O).
K¢ cdc tiép tuyén cua (O) tai B, D cit nhau tai K. Noi KE cit duong tron tai diém
thir hai C. N6i BC, ké day DA // BC dugc hinh thang ABCD phai dung.

Chiing minh: That vy, do BCD = BAE (ciach dung),
CD =BA (vi DA //BC) nén BC=BD-CD=BE-AB=AE.

Suy ra BEC = EBA (hai g6¢ noi ti€p chan hai cung biang nhau). Do dé AB // CE.
K&t hop véi cdu a) thi IK // BC, nén BIKC I hinh binh hanh.

Bi¢én luan: Vi BD khong chita O nén luon luon dung duoc E, K; do dé dung duoc
C, BC va DA. Hon nira E, K duy nhit, do d6 C, A duy nhat va nghiém hinh la duy
nhat.

30. (h.60) a) BMC =90° = BMD =90" ma BAD=90°, suy ra & gidc ABMD
noi ti€p dudng tron duong kinh BD.

b) Xét ACBM va ACDA ¢6 D
CAD =CMB =90°,ACD chung

= ACBM v ACDA (g.g) A
CB _CM A X 1 ¢
CD CA

= CD.CM = CA.CB khong doi.

Vay tich CD.CM = CA.CB khong d
phu thudc vao vi tri diém M. P
¢) Ap dung tinh chit géc noi tiép cia tir gidic noi tiép ta ¢6 Hinh 60

DAM = DBM = MCP = ANP => DAN = ANP suy ra AD // NP.

N
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d) Goi K 1a trung diém ctia AC = K ¢6 dinh. Qua G ké dudng thing song song

Vol O B KO T 25 et s o L S5 VY Wiy o i
KO KM KO 3
GLIMO = s D L o Gl MO BC
MO KM MO 3 5 5

Vay G thudc dudng tron ¢6 dinh (1 ; —:;BC )i

31. (h.61)a)dlatiép tuyénsuyrad L AB :f’: = ﬁ; (cung phu véi ﬁz)
mhﬁ}zﬁ](gécn@itié’p)ﬁﬁ=ﬁz- s
Mat khdc D, + CDQ =180° ;
—° 13: + (:,‘-]3-(:) =180"

= 1t giac CPQD ndi tiép. 1 E
b) AAPQ c6 PAQ=90°, Al Ia : 0

dudng trung tuyén = [A = 1P
= AIAP can1ai | D

3E=ﬁ:E=E d

-
.
M
-
--------------

ma A, +IAD =90° = D, + [AD =90° = Al L CD. Hinh 61
¢) Goi K, H 1a giao diém ctia dudng thing AB véi dudng tron ngoai tiép ACPD (K
nam gitra A va H).
Ta c6 AK.AH = AC.AP = AB* =AK.AH = 4R". (1)
BK.BH = BP.BQ = AB> = BK.BH = 4R’
¢ (AB— AK).(AH — AB) = 4R <> AB(AH + AK) = I2R
<> AK + AH = 6R. (2)
Tir (1) va (2) ta c6 AK; AH 12 nghiém ctia phuong trinh: X* — 6R.X + 4R = 0.

Gidira ta duge X, =(3+v/5)R : X, =(3-V5)R.

b

Vi AK < AH :>AK=(3—J§)R . AH=(3+V5)R.
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Tur d6 suy ra KH ¢6 dinh, do dé quy tich tdm E clia dudng trdn ngoai tiép ACPD la
duong trung truc cua HK ¢6 dinh.

32. (h.62) a) PMB=90°,POB=90° nén

ur giic OBMP noi ti€p dudng tron dudng
kinh PB.

Tir d6 ta c6 MBO = DPM

ma EW:M_EB:I%:W
= ADMP can tai D.

b) PO = PM < A PMO can tai P

< POM = PMO < PAO = POM < APO = 2.PAO
¢ MBA =2.PAO < PAO =30, MBA =60°.

A 0 B

Hinh 62

Cdch dung diém P : Trén nita mat phing by AB dung BAx =30°, tia Ax cit OC
1ai P.

¢) MP = MB <> AMPB vuong céin tai M < MPB =45° < MOB = 45°.
Cdch dung diém M: Dung tia phan gidc cia goc COB cit nira dudng tron tai M.

RV2

Tacé MOB =45, ké MH L ABta c6 MH = MO.sin45° =

1 R2V2

Khi d6 dién tich tam gidac AMB la: Sz-EAB.MH = 5

d) Tac6 ACO = AMC = AC la ti€p tuyén ciia dudng tron ngoai tiép ACPM.
Goi O, la tim dudng tron ngoai ti€p ACPM = O,C L CA,
Ma BC L CA = C, O,, B thang hang = O, nim trén dudng thing BC ¢6 dinh.

X
Chuyén dé 16
33. (h.63) AABC vuéng tai A, ¢c6 AM L BC nén 5 “
BM.BC = AB® = 4R’
Ap dung bt ding thic Co-si, ta c6:

A B
2BM + BC > 2.2BMBC =2.48R? =4RV2. 0
Vay gid tri nho nhat 12 4R /2 khi 2.BM = BC Hinh 63
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<> MB = MC <> M la diém chinh gitta ctia nira dudmg tron.
34. (h.64) Tacé6 MH? + HO® =OM* =R’

. ] M MI

a) Ap dung bat dang thic Co-si, ta cé:
| I MH?+HO®> R?

S ==MHHO < —. =—,
Viy dién tich tam giac OMH 16n nhit la N v [

) A H 0 H' B
L ig—
3 khi MH = HO Hinh 64

< AOM = 45" hoac BOM'=45",

.

R 2
b) Ap dung bat ding thirc: [x;y] <= ;—y , ta c6:

o Rk 12 . HO?2 2
(MH;]IO]  MH :”0 =‘Z e MH+HO <RY2.

Ta ¢6 chu vi AMOH 1A MO + MH + HO € R +R+/2.

Vay chu vi AMHO 16n nhit 1a R(14++/2) khi MH = HO <> AOM =45" hoac
BOM'=45",

35. (h.65) a) ACB =90° (g6c noi C

ti€p chin nra dudmg tron), mat

khic HE L AC, HF L BC (gt) nén

CEH = CFH = 90° do d6 CEHF

[4 hinh chir nhat, suy ra EF = CH. E
EF 16n nhét <> CH 16n nhit. Ma
CH < CO nén CH I6n nhat A H 0 B

S H=E0&COLABe Cla Hinh 65

diém chinh gilra cha nira duong

tron (O).

Vay EF 16n nhat bang R khi C 1a diém chinh giita cta nira dudng tron (O).

b) Ap dung hé thitc lugng vio céic tam gidc vuong HAC va HBC ta ¢6:
CH? =CE.CA : CH2=CF.CB = CH! =CE.CF.CACB.

164



13
Mat khéc, CA.CB = CH.AB = CH* = CE.CF.AB.CH = CE.CF = %.

<> C la diém chinh giita cta nira duomg tron (O). F E
36. (h.66) a) Vi CAB+FBA =90° nén

AC L BF, mad FM L AB suy ra C I truc .
tam cta AABF do d6 BC L AF. Vi

ANC =BNF=90° nén N nidm teén hai
dudmg tron ngoai ti€p cic hinh vuong
AMCD va MBEF, A M\~ [0 .
b) Do MND =MNE=90° nen D, N, E
thing hang va MN L DE.

¢) N ndm trén hai dudmg tron ngoai tic¢p

¢dc hinh vuong AMCD va MBEF p
= ANM = BNM =45°, Hinh 66

Ta 6 A, B c6 dinh, ANB=90" nén N thuoc dudmg tron dudng kinh AB. Dung
dudng tron dudng kinh AB va goi P 1a giao diém thir hai cia MN vé6i dudmg tron

d6. Vi ANM = BNM = 45" = P Ia diém chinh gilra cua cung AB, do d6 P la diém
¢6 dinh. Vay MN luon di qua P.

d) Goi O la trung diém clia AB.

Tac6 PN < ABwa PMEP():%AB::-MNS%AB.

Vay gid tri I6n nht cia MN la -;—AB khi M Ia trung diém ctia AB.

37. (h.67)a) Tacé C, =C, = AD =BD. (1)

Ta ¢6 DI = DB = ADBI cn tai D = DIB = DBI .

Mat khic DIB = sdBD;stK . DBK = sdAD-;sdAK .

Tu (1) va (2) suy ra AK =CK => AK = CK = AACK cin tai K.
b) Ta c6 AK =CK = B, =B, = BK Ia tia phan gidc ABC.

(2)
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AABC ¢6 CD; BK 1 cdc tia phan gidc cét nhau tai L.

Tir d6 suy ra tia Al la tia phan gidc cla BAC.
Goi E 12 giao diém thit hai ctia Al véi dudng
tron (O). Tir A, = A, = BE = CE

= E 1a diém c¢6 dinh.

= sdAD +sdCE .

Taco: CIE
2
lEE'. _ sdBD;sdB]:, .

Ma AD = BD;CE = BE = CIE = ICE
= ACIE cén tai E = IE = CE khong d6i.
Mit khdc Al = AE = EI nén Al 16n nhit <> AE 16n nhit, ma AE < 2R nén AE 1dn
nhat bing 2R khi EA la dudmg kinh. Vay Al I6n nhit bang 2R - CE khi AE la
dudmg kinh hay A 1a diém chinh giira cia cung 16n BC.

b) Ban xem loi giai & vi du 25.

38. (h.68) a) Ta c6 OHM =90°;0DM =90° suy ra cic diém M, D, O, H cung
ndm trén dudng tron dudng kinh OM.

b) Theo tinh chdt ti€p tuyén, ta cé
MI 1a dudng phin gidc cia

Hinh 67

CMD.

Ta ¢6 OI la dudng phdn gidce cua
EF)T) nén ("fi - Ei

T d6 suy ra DCI = MCI (g6c
gitra tiép tuyén va day) hay CI la
dudng phan gidc cua MCD. Viy
[ 1a tam cua dudng tron noi ti€p Hinh 68
tam gidac MCD.

¢) Ta c6 tam giic MPQ cén tai M ¢6 MO la dudng trung truc nén

Shin= 2800 * 2.%OD.QM =R(MD+DQ).
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Tir d6 S nho nhit < MD + DQ nho nhat.
Ta c6 MD+DQ > 2../MD.DQ = 2JOD? = 2R => MD + DQ > 2R.

Vay dién tich S nhé nhit = 2R? khi MD = DQ<> MO = R+/2 hay M la giao diém

cua d vai duong tron (O: R 2 7

39. (h.69) a) OBA =0ODA (géc

noi ti€p cua (I)), ABK =ACK
(g6c ndi ti€p cha (O)) ma

ODA + ACK + CAD =180°

= OBA + ABK + CAD = 180"
hay OBK +CAD =180°.

b) Xét dudng tron (I) <6
f-)-;:é:;f)?za ma AOAB cén

laiO::»K}:ﬁ?:af}j:]S;

= DO la duong phéan gidc cia ADB.
Xét dudng tron (I) c6 BOD = BAD.
Xét dudmg tron (0) ¢6 BOK =2.A, = BAD =2.A,

= A, =A, = AK Ia duong phan gidc ciia BAD.

Hinh 69

(1)

(2)

Tir (1) va (2) suy ra K la tam duong tron ndi ti€p AABD.

: 2 | 1

1

= Spcap =5 CD(AH+BJ) < -% CD.AB.

Vay Sacap 16n nhét khi AH + BJ = AB va CD 16n nhit
<> CD L AB hay C Ia diém chinh giita cia EF.
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CAC PE THAM KHAO

Péso 1
Bai 1.

2+-J-
0 A=dB(E+B)E- ) ﬁ)

=J§(2—3)+(2+J§)=
b) B=J(J§+4)(5+2J§)_J(sﬁ_ﬂ(zﬁ_l)

13 T
=J2+J§—J2-— :
Suy ra v2B=v2A2+3 -V242-43
=J4+23 -\4-23

= (B+1) - J(B-1) =2

Do dé B = L2 2

NG
c) Diéukiénx>1.
C= Jx-l—ZJ__l‘H— \[(JT-I -Jx-1
=|m_1|_m.

e NéuVx-1-120ex22thiB=-1.
e Né&u JVx-1-1<0=1<x<2thiB=1- 2Jx-1.

Bai 2. Goi s6 chi tiét may (6 I san xudt trong thang trude 1a x (x nguyén duong).

Goi s6 chi i€t mdy 16 II san xudt trong thing trude 12 y (y nguyén duong).

X +y=3800 _

Dén t6i hé phuong trinh: ¢ 9 10 e
—Xt—y= 75 y = 300.
100 100
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Bai 3. a)(d)) // (d,) < {m Sxm=a. 12
-m# 2

b) Thayx=5;y=12viohams6y=(m-1)x +2
taduoc 12=(m-=1)5+2<m=3.

Thay x=5;y=12vaohams6y=3x - m

tadugc 12=35-m<>m=3.

Vay v6i m = 3 thi (d,) va (d,) cit nhau tai diém M (5; 12).
¢) (h.70) Véim=3thi(d)) lay=2x+2.

Tl s i - -

Cho y = 0 thi x = -1. Vay (d,) cit truc 2
hoanh tai A ¢6 hoanh d6 la x = -1. A/"
+ B

VGim =3 thi(d,) lay =3x - 3. 4 Josn X
Cho y = 0 thi x = 1. Vay (d,) cat truc hoanh
tai Bco hoanh do lax = 1. af
Tac6 AB=|-1| + 1 =2. Hinh 70
Vay dién tich AMABla: S =%AB.MH = %.2.12 =12 (dvdt).
Bai 4. (h.71) X g
a) Ap dung tinh chat hai tiép tuyén cit " E
nhau, ta ¢c6 OD la tia phan giic cua
AOC, OP la tia phin giic cia BOC. k C
Ma AOC va BOCIa hai géc ké by, nén ®
OP L OD = APOD vuong tai O.
b) PB = PC = ABPC can ¢6 PO la dudng
phén gidc nén PO la dudng cao A B

0
= PO L BC= PO // AC.

& ia g 2 Hinh 71
Tir d6 ta c6 PO la dudng trung binh trong
tam giac ABE = PB = PE.
BE _ OB

¢) Tir CP.CD = OC? = BP.AD = OA.OB = 2BP.AD = 20A.0B e

= ABEO v AABD (c.g.c) = BEO = ABD. Tir d6 suy ra BD L OE.
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AD _OA

AAD ABAE = |
d) Tuong tuta cod Ow “B_EBE" (1)
AD FA
Ma AABD w»» AFBA =>—-= ' 2
w (2.8) 2B _FB (2)
OA FA

Tu (1 2 —_—=—
(1) va(2)suyra BE _ FB

Mat khic OAF = EBF nén AOAF v AEBF (c.g.¢).

Két hop vai OA = OF suy ra EF = EB.

Do d6 AEFO = AEBO (c.c.c) nén EFO = EBO =90° . Vay EF Ia tiép tuyén cia (O).
Bai 5. Ta cé6:

x+16 2 (J_ 2)
P=(x- 4J§+4) [J‘+ 4}+|0=(J§ 2) + T +10210.
Vay gi4 tri nho nhit cha biéu thite P 1a 10 khi x = 4.
Pésd 2
Riil.a)DK:x20: x=1; J_
x+J_+l
_ . ~(Vx-1)’
b)!’c:l Jx l<0<::> x+2Vx 1<0 c:-(———)<0
x+J-+l 3 X+4/Xx +1 X +vX +1

Vi x # | nén bt ding thirc cudi diing, suy ra P < %

P %C}L=%¢>2X—5\/;+2=0

X+vx +1

1
| X =—
Q(J§~-£)(J§-z)=0<:> 4
x=4.
Bai 2. Goi van t6c lic vé 1a x km/h (x > 0).
60 60 11

x+10 x §°

Dén 16i phuong trinh:
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Tim duge nghiém x,; = 50 (théa mén diéu kién); x, = —?—? (loai).

Bai 3. a) Thay x = -1 ; y = —1 vao ham s6
y=(m+2)x+m+1

ta dugc 0.m = 0 (diing vGi moi m).
Toa do cha diém M thoa min ham s6 da
cho nén (d) lu6n di qua M (=1; =1).

b) Xét phuong trinh hoanh do giao diém
cua (d) va (P)

Tac{in(m+2)z~c+m+]=-:w:2
&= x2+(m+2)x+m+l=0

A=(m+2)2—4(m+ 1)=m3.

(d) va (P) ti€p xdc khi va chikhi A=0< m =0,

Hoanh d¢ cua tiép diém la

x=_b=_(m+2)=—1.
2a 2
Khid6y =-1.

¢) Véi m = 0 ta vé do6 thi cla cdc haim so
y=2x+1lvay= —x? (h.72).

Bai 4. (h.73) a) AEB =90° = BEM = 90"
ma BHM =90" nén t giac BEMH noi
ti€p duong tron duong kinh BM.

b) A AEBw» A AHM (g.g)

nén AE.AM = AB.AH.

A AFBw A AHN (g. g)

nén AF.AN = AB.AH.

Suy ra: AE.AM = AF.AN.

c) Vé dudng tron ngoai ti€p A AMN cit
dudng thing AB tai K.

Sir dung cdc goc ndi tiép, ur gidc ndi tiép ta co:

yu

L/
& el o oy
! JON\: |
i LN G
i - | I ]
" i 1
| -
74 e s
a Lo
: g :
] ]
s : |
........... i It

Hinh 72

Hinh 73
AKN = AMN = ABE = AFC => A AFC v A AKN (g.2)=> AC.AK = AF.AN.

4§
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Ma AF.AN = AB.AH nén AC.AK = AB.AH

S M A khong déi = K la diém c6 dinh.
: 5
d) Turcauc) ta co AK=Ai2” 435=?cm HK=AK-—AH:>HK=5cm

Mat khic AHMA «» AHKN (g.g)=> HM.HN = HA.HK = HM.HN =5. §=E
Tac6 A AMN c6 dudng cao AH = 5cm khong doi.
Suy ra S,y Nho nhat <> MN nho nhdt.

Ma MN = MH + HN > 2JMH.HN = 21}2; 10\/_

IR
1 1043 253
= cm ,

Do d6 gid tri nho nhat cha dién tich A AMN la: 5.5. sy

khi HM = HN <> EF L ABtai C.

Bai 5. V& duong tron ngoai ti€p tam gidc ABC bdn kinh R, ké duong kinh AD cua
duong tron d6. Goi H la truc tam cua tam giac ABC (h.74).

Ta ¢6 BH // CD, CH // BD, suy ra BDCH la hinh binh hanh = BH = CD.

X¢ét tam gidec ACD ¢6 ACD =90° nén A

sin Dy =£, cosf;, L ma ABC = D,
AD AD

= _BH

- A\
= sin ABC =£ cosABC =
2R 2R /4
Tuong tu, ta cé: ,
B

SHEAD S poRBAC =k
2R 2R’

smACB—éE cos :7\-.(-3“153-ﬂ ;—_,
2R 2R

Do do6 sinA + sinB + sinC < 2(cosA + cosB + cosC) Hinh 74

< BC+ AC + AB <2(AH + BH + CH). (*)

Ap dung bat ding thic tam gidc, ta c6:

AH + BH > AB, AH + CH > AC, BH + CH > BC.
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Cong cdc bat dang thic cuing chiéu ta c6 bat dang thuc (*) duge chimg minh, suy
ra diéu phai chimg minh.

—_—
v uy‘

Bai 1. a) Diéukién: x,y>0; x 2y ; P=

Vx Uk
Wx+ddx Wx 3

,y20:x =
c)—]-cénghTakhi PRGN y<:::>:nc:>0;3,r20 VaxX #Yy.
P x#0

b) P =—

Véi diéu kién nay thi P> 0.
Do dé P +-:; > 2JP.% =2 (bat ding thic Co-si).

Vx x4y
Vx+fy Ik

<:>x+y+2\/ﬁ=x¢>\/;(\/§+2\/;)=0 <y=0 (vi\/;+2~f;=&0).

Do do P+Tl}-=2 khix>0vay=0.

Dau "=" xay rakhi P = —I-

Xx=3
=iJ§:C) Vio

Mg d)

Bai3.a)m<?2.
b) Thay x = 2; y = 3 vao ham s6 da cho ta tinh duoc m = 3.
¢) Néu m = 2 thi dudng thing (d) la y = 1, ¢6 khodng cdch tir O dén (d) 1a h = 1(*).
Néu m # 2 thi (d) cit truc tung tai diém c6 tung do 12 1, cit truc hoanh tai diém cé
1
2-m

Tacél.,z—l—+ ! ,=1+(2—m)2>l(vim=¢:2).

hoanh do la
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Suyrah’< 1, dodéh<1. (*x)
Tir (*) va (**) suy ramax h=1khim=2.

Bai 4. (h.75) a) MA = MB = MC nén tam giic
ABC vuong tai A = BD la duong kinh cua
duong tron (O).

Ta lai ¢6 D, E d6i xiing qua A ma AB L DE nén
tam gidc BDE can tai B
— BEA = BDA . (1)

Mat khic BMD =90°, MC = MB nén tam giic
BDC c¢in tai D.

Tird6 suyra BDA=2.BCD.  (2)

Tir (1) va (2) ta c6 BEC = 2.ACB.
b) Ta c6 ACAM ¢ ACBD .
BC‘ g Hinh 75

nén CD.CA=CM.CB =——

¢) Tam gidc MAC can tai M nén MCA = MAC : MAC = EAF

= BEC = 2EAF = tam gidc EAF cin tai E = EA = EF.

Ta ¢6: BD = BE nén CD = BE.

Ma EF = AE nén AD = EF. Suy ra CD + AD = BE + EF. Vay AC = BF.,

d) Ta c¢6 AE = AD.

MDFE la hinh binh hinh <> AM = AF <> DM = DA <> tam giic ABM cin ta B.
Viy tam gidc ABM déu thi ur gidc MDFE Ia hinh binh hanh.,

a+b _2(a+b)

Ju(3u+b]+\fb(3b+a J‘-i;l 3d+b)+,/4h(3h+a
Ap dung bat ding thicc Co-si cho cic s6 duong ta duge:
da+(3a+b) Ta+b

Bai 5. Ta cé:

4a(3a+b) < = 2

Garp)s B Tarb ()
4b(3b+a)s4b+(3b+a)=?b;a. (3)

Tir (2) va (3) suy ra: J4a(3a+ b)+J4b(3b +a) < 4a + 4b. (4)
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Tur (1) va (4) suy ra:
a+b 22(at+b)_l

_

Ja(3a+b)+b(3b+a) 4a+db 2

Dau "=" xay ra khi va chi khia=b.

Dé s6 4
Bai 1. a) Diéukién: x> 0;x# 1; P=x-x.

2
b) x=13—4J§=(2J§—1) =Jx =2V3-1.Dodé P=14-63.

¢)P=x-/x =x- Jx-+%—i=[\/;—l] —12—l+

2

Dodé min P= -l khi x = l
4 4

Bai 2. Goi van t6c¢ riéng cia ca no la x (km/h).
Goi van t6c cua dong nude la y (km/h) (x >y > 0).
Dén t6i h¢ phuong trinh

{2(x+y)+3(x—y)=l95 ¢:>{x =40
3(x+y)+2(x-y)=205 |y=5.

Bai 3. a) Khi m = 3 ta giai phuong trinh 4x* — 4x + 1 = 0 dugc X|2= %

b) Phuong trinh ¢6 hai nghiém phén biét

{m+l==0 m # -1 {m:—l
o & " <> (*)
A'>0 (m=1)"=(m+1)(m=-2)>0 m<3

. ) 2(m-1 -2
¢) Theo hé thifc Vi-éttacd x, +x, = ( ); xtx~,=m .
- m+1 T om+|

8(m-1) 7(m-2)

Do d6 4(x, +X,)=7x,X, <> <> m=-6 (thoa man (*)).

m+1 m+1
Bai 4. (h.76) a) T giac ABCM noi ti¢p duong tron(O)

= ABC = AMD (cing bl v6i AMC ).
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Tac6 AMB = ACB (géc noi tiép).

Theo gia thi¢t AB = AC = ABC = ACB

= AMD = AMB hay MA la tia phan gidc
ctia BMD.

b) ABMD c¢6 MI la duomg phan gidc, dong thoi
la duong cao nén ABMD can tai M, suy ra MI la
dudng trung truc cua BD = AB = AD.

Mat khic, AB=AC => AB = AC

= AB = AC = AD = A la tam dudng tron
ngoai tiép ABCD.

Xét dudng tron (A; AB) c6 BDC = %ﬁﬁ‘(‘: (khong déi) Hinh 76

= BDC ¢6 do 16n khong phu thudc vao vi tri diém M.
¢) Xét dudmg tron (O) ¢6 AB = AC = ABC = AFB (= ACB).

Dua vao nhéan xét ctia chuyén dé 12, ban ¢6 thé chimg minh dugc AB 1a tiép tuyén
cua dudng tron ngoai tiép ABEF.
d) Ta c6 AABE ¢ AAFB (g.g) = AB’? = AE.AF.
Ké OH LAB => ABC = BOH = va AB=2.BH.
Mat khic, BH = OB.sin BOH = R.sina
= AB = 2R sina. = AE.AF = AB” =4R%.sin’ a.
Bai 5. Phuong trinh hoanh d6 giao diém Ia —x*=m < x*=-m.
Diéu kién dé y = m cit (P) tai hai diém A; B phan biét la—m>0<> m <0.
Khi d6 A(=v-m;m), B(¥-m;m). Vi A, B d6i ximg nhau qua truc tung suy ra
OA = OB.
5 2 m= 0
AOAB déu < OB=AB < Yy-m+m* =24J/-m < 3
m=-3.
Vi m = - 3 thdéa man diéu kién, thi AOAB déu.
AB*/3
4

Khi d6 AB = 2+/3 va dién tich AOABIa S = =33 (dvdv).
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Péso s
x> =9
X=4
x+3)(x-3) x=3

<0<
Xx—4 X -

Bai 1. Diu kién: x 20; x #4; P =

a) P<0¢::>( <0 (vix20)

e Jexed.

{x—3>0
L
X-4<0

Khong ¢6 gid tri nguyén ndo cia x dé P < ().
b) P.(x-4)+4y’ -dxy+9+[2x-y-3|=0

— " = =2
c-(x—2y)2+ |2x—y—3|=0 S [x ZY) 0 m{x
2x-y-3=0 |y=1I
Bai 2. Goi nang sudt du kién theo k€& hoach 1a x (san phdm/ngdy) (x nguyén
duong). Din t6i phuong trinh :
2160 2160 _
X X +8
Tim dugc x, = - 80 (loai) ; x, = 72 (thda min diéu kién).
Bai 3.

.

a) A=[—(Sm-l)]z—4(2m2-m)=(m—1)220.

b) Theo he¢ thite Vi-ét ta c6 :

X)+X; =3m-1;x,x, =2m? -m.

Taco xi +x3 =(x; +x,)° -2x,x, =(3m—l)z-2(2m‘?—m)=5m2 —4m+1.

1

Dodéxf+x§=2c5m2—4m+l=2<:-Sm2-4m—l=0¢:>m,=l;mz=-g.
=5 R
c) Tacé x{ +x3=5m>-4m+1 =5(m-—) =2
g8} 55
Suy ra min(xf+x2)=-l- khim=2,
5 5
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Bai 4. (h.77) a) MCN =90°; MDN =90° nén i gidc CMDN ndi ti€p dudng trdn
dudmg kinh MN. M
b) Ké AP va BQ vuong gbc vai
dudng thing CD.

= T gidc APQB 12 hinh thang
vuong ¢6 OH 1a dudng trung binh

= AP + BQ =20H; " C
AOCD déu ¢6 OH la dudng cao nén
OH = g khong d6i

A

— AP + BQ = R+/3 khong déi.
¢) Ta ¢c6 OC = OD (bén kinh), Hinh 77

HC=HD,IC=1ID = %MN

= 0, H, I cling thuoc dudng trung truc ciia CD nén O, H, I thing hang.
sdAB-sdCD

Ta c6: EE)T)=60” :sat’f’ﬁ:ao“:ﬁﬁ: = 60"
— CMD = 60° = CID = 2CMD = 120° => CIH = DIH = 60".
Trong ADIH vudng ¢6 DH = DI sin DIH = Dl-% %"’R_;E

" 2
a) AMCD v AMBA(g.g) nén Swmcp =[MD) =(sin30°) i

1
= Symep = E'SMB.-\'

Sucep 16n nhat khi Sy, 160 nhat.

Ké MN kéo dai cit AB tai K = Sy, = % ABMK .

Ma M chay trén cung chita géc 60° dung trén AB nén MK 16n nhét khi M la diém
chinh gitra cung chira géc 60° dung trén doan AB.
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Khi d6 AMAB déu = MK = iiii- =R\3

R2/3

= Susa = Rzﬁ::'SMC[} = ik

R2S3

4

Vay: Gid tri I6n nhat cha dién tich AMCD la . khi AMAB déu

< AC=CD=BD.
B:‘aiS.Tirx2+y2=4 => 2xy={x+y)?'—-4=(x+y+2)(x+y—2).

Vix+y+2#0nen —2—=X¥Y_ (1)
X+y+2 2
Ap dung bit ding thirc (a + b)> < 2(a* + b%), 1a ¢6:
x+y< 2(x +y?) > x+y<2V2 . )
Tir (1), (2) ta duoc: - . < \E—l.
X+y+2
x20,y20
Dau "=" xdy ra khi {x =y = x=y=~/§.
x2+y? =4

Vay maxA = N I

Deso 6
2
: (J;H]
Bai 1. a) Diéu kién: x >0; x 24 ; P=—"_
Jx
2 2
b)P>2 ('\/;-l-l) 5 ('J;+l) - X +1 §
>80 ——>2—— 250 >0.
Jx Jx Jx
Bit ding thiic cudi diing vi x > 0. Vay P > 2.
2
'\/;'i'] 2
c) Pﬂ=m@(—\/_l- x=m@(&+l) =m(m>0)suyra~/;=\/a—l.
X
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Vi x >0 nén \/;::-l).dodé JE—I:»D Sm> .
Vixz4nen Jx #2.dodé Vm -1#2 <& m#9.
Vay néum > 1 va m # 9 thi t6n tai x dé PJYx =m.

Bai 2. a) Néu m = 0 thi hé phuong trinh da cho ¢6 nghi¢m {

Néu m # 0 thi hé phuong trinh dé cho ¢6 nghiém duy nhdt, vi -? # L om?#-l.
m

Tém lai, v6i moi gid tri ciia m thi h¢ phuong trinh da cho déu ¢6 nghi¢m.
b) Khi m = 2 ta giai h¢ phuong trinh

2x-y=2 x=18
—
X+2y=35 y =1,6.

¢) Ruiit x tr phuong trinh (2): x =5 = my.

Thé vao (1) taduge: m(5 =my)—y=2=> y=5":_2.
m* + 1|
Suy ra x=2";+5.
m* +1
Tacox+y=5& 2“;+5+5";-2=5 & Sm’=Tm+2=0¢ m1=I;m2=-g~.
m +1 m”+l 5
Bai 3. a) Xem hinh 78. vh
b) Phuong trinh hoanh do giao diém coa  \ ..M .

(P)va(d)la:

%xz =x+4 e x?-2x-8=0, c6 nghiém

lax,=4;x,=-2.

Suyray,=8;y,=2.

Do d6 toa do hai giao diém cta (P) va (d)
1a M(4:8) ; N(-2; 2).

¢) AAOB vuong can vi c6 OA =0B =4,

--------------

-

L o

N &

O X
Suy ra ABO = 45°. <
0
VayeX=45" Hinh 78
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Bai 4. (h.79) a) AD =CD = ABD = CBD. .
AABE ¢6 BD la dudng phan gidc déng ’

thdi 1a dudng cao = AABE can. ;
b) AC=FC, BE L AF

=> BE la dudng trung truc ctia doan thing AF

= EF=EA =AAEF cantai E, suy ra -

EFA = EAF. Mat  khic, ta cé H
EAF = CBD (g6c noi ti€p cuing chén

mot cung) A K O B
= EFA =CBD hay EFA = EBD. Hinh 79

¢) AEFA can tai E = AEC = FEC. (1)
Tac6 EDH = ECH = 90° = Tt gidc EDHC n6i tiép= DEC = CHB. 2)
Tacé BCH = BKH =90° = Ti gidic BCHK noi tiép = CHB = CKB. 3)

Tir (1), (2) va (3) suy ra IEB = IKB Vay  gidc EIBK noi tiep dudng tron.
d) T gidc EIBK noi tiép c6 EKB=90° = EIB=90° = EFC = EBI (ciing phu
vl P?EE).
Ma EFE‘=6EFI (cdu b) :C‘Eﬁﬂﬁﬁ
El CH

= ACBH  AIBE (g.g) = — = <1 l
= o N

ABAF can tai B = BFC = BAC .

Ma BAC = BEK (ciing phu véi ABC) = AKEBw»ACFB(g.g) ﬁ% =g—2 (2)

: F
Tl‘f{l)vﬁ('l)suyra:E+EK=('H+CF= lF.
Bl BK BC BC BC
Bai 5. Dicu ki¢n:x3+ 1 20 <= x 2 =1 (1)

Pata= Vx+1:b=+vx*-x + 1(@a20;b>0)(2) = a*+b*=x2+2.

Khi d6 phuong trinh di cho tré thanh: 10.ab = 3.(a® + b%) < (a—3b)(3a -b)=0

181



<> a=3bhoicb = 3a.

e Né&ua=3bthitr(2)suyra:vx+1 =3vx 2_x+1 &9*-10x+8=0(vo
nghiém).

e Né€u b = 3a thi tir (2) suy ra:

3IJx+1 =Vx2-x+1 % +9=x—x+1 <x*-10x-8=0.

Phuong trinh ¢6 hai nghiém x, = 5+ J33; Xy =35~ V33 (théa man (1)).
Vay phuong trinh d cho ¢6 hai nghiém x, = 5++/33 vax, = 5-+33.

Nhdn xét. Phuong trinh da cho dua vé dang tng quat sau:

a.P(x) + B.Q(x) + 7+/P(x)0O(x) =0
(a#0, B #0,y=0). Dé giai phuong trinh ndy, c6 hai huéng giai:
Cach 1. Dat a=4P(x), b=.JQ(x) , phuong trinh ¢6 dang
a.a’ +B.b’+ y ab=0,
sau do phan tich da thirc thanh nhan .
Cdch 2. Dat [P(x) = t.m , phuong trinh cé dang at’+ B+ y.1=0,sau

dé tim t.
Désd7
Bai I.
1. Thay x = 36 vao biéu thic A. Tinh dugc: A = % :
2. Kétquanitgon B= Vx +2 .
x-16
3. Riit gon, ta dugc B(A 2 .
x=16

B(A = 1) 1a s6 nguyén <> x— 16 la udc cua 2. Lap ludn suy ra duogc: x nhan cdc gid
i 17:15; 18; 14,

Bai I1. Goi thoi gian dé ngudi thit nhit 1am mot minh xong cong viée 1a x (gio, x > 0).
Suy ra thoi gian ngudi thit hai 1am mot minh xong cong viée 1a x + 2 (gi0).
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1 5

Lap luan di dén phuong trinh L - .
X %x+2 12

Giai phuong trinh, ta dugc: x, =4(thoamian) x, = —% (khong thoa man).

Vay nguoi thit nhat lam mot minh xong cong viéc trong 4 gid, ngudi thi hai lam
modt minh xong cong viéc trong 6 gid.

Bai III.
. 2u+v=2
1. Diéukién:x:ﬁﬂ.y:t{).i)alu=l,v=-l-.Tac6h¢: e .
X y 6u-2v=1
o X =2
Giai ra ta duoc: 2 suyra { l la nghiém cua hé phuong trinh.
}f =

-

V=

2. Tacé: A =4m* + 1 >0 v6i moi m nén phuong trinh luon c¢6 hai nghi¢m Xps X3
phan biét véi moi m. Theo dinh 1i Vi-ét:

X7 +x3 ='?<:>(x, +x2)2—2xl.xz =7<:(4m-1)2—2(3m2——2m)=7.

Giairatadugc: m; =1, m, = -%. Vay ¢6 hai gid tri m thoa man diéu kién dé bai:

m,=1,m,= —3. d
5
Bai IV. (h.80) L Lo C
I. ACB=90", HKB=90" = tr gidc )
CBKH néi ti€p dudng tron dudong kinh B
BH. |
2. MCA = MBA (g6c noi 1i€p chin cung A e B
AM), ACK =MBA (& gidc CBKH noi
1iép). Suy ra MCA = ACK .
3. AMAC = AEBC (c.g.c) = MC = CE,
ma CME = 45° suy ra AECM vubng cén
tai C. Hinh 80
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4 Ty APMB o o AF _OA i PAD=AMB=90° = APAO SAAMB
MA MA MB

(c.g.c) = POA = ABM = PO // MB.

Goi Q 1a giao diém cha BM va d. Vi O 1a trung diém cla AB nén P 1 trung diém
cua AQ.

Goi I 1a giao diém HK va BP. Theo dinh 1i Ta-1ét, ta c6: i = L (= i ] ma
PQ AP\ BP

PQ = AP nén HI = IK. Suy ra diéu phai chimg minh.

2 2
BaiV.Tacé: M=x Y =i+1=3—x+ i+-}'-’- )
Xy y x 4y

4y X

Migegyes Xed o B Yoo IX ¥ roinied Mainadptin=2,

4y 2 4y x 4y x 2 2
Viy gid tri 16n nhit coa M la %Lh|x=2y>0
Dé s6 8
Cau 1. Ddp dn
a) Két qua: x, =-1;x, =%.

X=2
b)l(é'tqu:i:{

y=-1

¢) Két qua: x, =3 ; X, =3,

d) Két qua: x, =J_5—3 D Xy =2 +3.

Cau 2.

a) Ban doc tr vé do thi.

b) Hoanh d¢ giao diém 1a nghiém cta phuong trinh:

lx2 =—lx+2¢x2+2x-8=0.

4 2

Gidirataduoc: x; =2 x,=-4. Tudé tatinh dugc: y, = 1; y, = 4.
Vay toa do cua cdc giao diém 1a A(2; 1), B(-4; 4).
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1 2Jx 1

Cau3.Taco A=

_x-1+2x-yx -1 2x -2

K ([x+1) (Vx-1)[dx+1) x(dx-1)

TE () H) K- A) Vx

Tac6: B=(2-13) (2+J§)J-(2+J§). (2—\5)3

=>B=(2—ﬁ)(2+ﬁ).m-(2+ﬁ).(2—\ﬁ)\&—_ﬁ

=V2+3 -2-43
= V2B =v4+23 -4-23 =(V3+1)-(v3-1)=2
=B=42.

Cau 4. a) Ta ¢6 zi&=(2m—1)2 +7>0 v6i moi m nén phuong trinh luén c6 hai

nghiém phén biét véi moi m.

- - Fa # rxi + x.‘ . 2m
b) Theo hé thic Vi-ét ta ¢c6: { g

X;X, =m-2.
Tacé M = -24 e -24 e -6
(x,+x,) -8x,x, 4m’-8(m-2) m’-2m+4
Y
(m=1)"+3

Vay gid tri nho nhat caa M la -2 khim = 1.
Cau 5. (h.81) a) Ta c6 AMAE x» AMFB (g.g) nén

M A=,

ME MB

b) AMCA v AMBC (g.g) = MC MB _ NC? S AME.
MA MC

AMCO vuéng tai C ¢6 CH L MO nén MC* = MH.MO.
Suy ra MA.MB = MH.MO
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::-Eﬁ—m- ma BMF chung
MB

MH
— AMHA »AMBO (c.g.¢)

— MHA = MBO

=Ti gidc AHOB noi tiép.

¢) AMKF vuong tai K ¢c6 KELMF
= MK? = ME.MF,

ma MC’ = MA.MB = ME.MF

= MK = MC. Hinh 81

AMCS vi AMKS ¢6 MCS = MKS = 90", MS chung, MC = MK

= AMCS = AMKS = SC = SK = MS la dudong trung truc cia CK => MS L KC.
d) Gia sir MS vuong géc véi KC tai D.

Vi ME.MF = MA.MB = MS.MD (= MC?) nén cdc dudmg tron (P), (Q) di qua D.

Suy ra PQ L MS va PQ la dudng trung truc cia SD (dudmg noi tdm cia hai dudng
tron) nén PQ ciing di qua trung diém cta KS (dinh Ii dudng trung binh ctia ASKD).
Viy ba diém T, Q, P thing hang.

Péso9
Cau 1,
1 a?+b®  a’+b?
a) Tac6: P=+a- [ } = i
Ja+b J Ja+b—\f -b :Eaz-bz b

b) Tira=b + 1, 4p dung bat ding thuc Co-si, ta co :

2 2
b+1)? +b2 .
o i LJ* =2b+%+2221’2h-%+2=2\6+1-

Vay gid tri nhd nhdt cha P la 2J2 +1 khi a=1+—=

J_ J_
Cau 2. Goi van toc cia xe mdy la x (km/h), van t6c cia 0 10 la y (km/h) (x >0,y > 0).
-i—y+ 4x =210
Theo dé bai ta ¢6 h¢ phuong trinh: < 9y 4x
(4X ¥

186



x=30 e
Giai ra ta duoc : 4 thoa man diéu kién.
y =
Vay van t6c cta xe may 12 30 km/h, van toc cta 6 160 1a 40 km/h.
Cau 3. S6 giao diém cua (d) va (P) 12 s6 nghiém cta phuong trinh: x> = mx — m — 2
¢>x2+mx-m—2=0.'l‘acé£s=(m+2)2+4>0vfn' moi m.
Ta suy ra diéu phai chimg minh.
. i K] + X4 =-mM
Theo dinh If Vi-ét, ta c6 : ) ;
X)Xy =—(m+2)
<> m =2 hoac m = -6. A
Cau 4. (h.82)

a) Do tr gidc AKOL noi ti€p nén

MON=@+@=%@.+1@=%@
=l(180°—§?c)=90°———.

2 :
b) Tam gidc KAL cin tai A nén

@=9oﬁ—§’;‘—c:>6fﬁd=oom.

Vay ur gidc MLOQ noi tiép, suy ra o 5
MQO =90° = MQ L NO. Tuong tu
ta ¢c6 NP L MO, ma OE LMN suy ra

MQ, NP va OE cuing di qua mét diém. Hinh 82
¢) Tir AMPL o5 AQNK (g.g) = ':'—["‘ - % — KQ.PL = ML.NK = ME.EN.

Cau 5. Tur gia thiét suy ra x > y > 0 va 4p dung bat ding thiic Co-si ta c6:

1
(x+y)’ =xy(x-y)’ =Z_4xy[(x ry)’ —4xy:|
| 4xy+(x+y)2_4xy —=—1*(x+y)4.
4 2 16
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Suy ra x +y 2 4. Tudo gid tri nho nhit cta P 1a 4 khi x=2+\5;y=2-\[2_.

Pé so 10
Céu 1:

1) a) Df_ily=xz.y20. Phuong trinh tré thanh y* =y -20=0. Tim dugc y =5.
Tirds x e {V5;-V5.
b) Jx+1=x-|<=>{“”=("")

x21

{xz—?ax:{]
— Sx =3,

Xel
2)Tir (2) suy ra y =|x|+3. Dodéy 23 nén |y-3|=y-3.

Trir theo v€ cha (1) cho (2) ta duge

|

.. X=t—

lxl_z = 2
y =|x|+3 y=-;-

Cau2: 1) 9=x’ e x=43=>m=13.
2) Phuong trinh hoanh do giao diém cta (d) vai (P) Ia

x? =mx <> x =0 hoac x =m.
Tir d6 ¢6 toa do hai giao diém 1a A (0; 0), B (m; mz) vaim # 0.
Tacé AB=v6 <> m? +m* =6 m? =2.V:jym=:|:ﬁ.
Cau 3:

20 B-(-f) o i,
B h) BT 43

2) Ta c6:

a5+b5—ajb2-a2b3=(az—b2)(a3-b3) =(a+b)(a—b)2(az+ab+b2]20

1) P=
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g s
(via+b 20 (gia thiét), (a - b)> 20 va a’ +ab+b? =[a +-I-23-J + 32 >
Vay a’ +b® 2 a’b? +a’b’.

Cau 4. (h.83)

1) Vi ADE = AHE = ACB nén tif gidéc BDEC noi tiép.

2) Vi DAE=90° nén DE 1a mot dudmg kinh cia dudng tron(0).Vay D, O, E
thing hang.

A
3) Ta c6: AC =+BC? - AB? =4(cm),
E
_ _ 2
Ao ABAC _34_12 —
BC 5 5 ’ .
Vi AAED v AABC nén H
e _[EDT _[AH )2 _(12]2 Hinh 83
S.5c \BC/ LBC) 55
2
12 144 _ 864,

=S.en=l—1| S = o= cm” .

e [25] ABC ™ 625 625( )

864 2886
Vay Sppec =Sasc ~Sape =6-—7= (sz) :

625 625
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LOI NOI bAU 3
PHAN MOT. CAC CHUYEN DE DPAI SO LT-BT | LG-DS
Chuyén dé 1. Rit gon va tinh gid tri cha biéu thic 5 113
Chuyén dé 2. Giai phuong trinh va h¢ phuong trinh 12 117
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Q Chuyén dé 16. Bai toan cuc tri hinh hoc 97 163

Dé 56 | 103 168

Dé 56 2 104 170

'ﬁ Dé 56 3 105 173
: Dé 56 4 106 175

H Pé s 5 107 177
! Dé 56 6 108 179

‘ Dé s6 7 109 182

: Dé s6 8 110 184

{ Dé 569 11 186
Dé s6 10 112 188
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